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AOC/UKEHHA BIKBAAPATUYHOI'O AHTAPMOHIYHOT'O OCHUAJISITOPA
HA OCHOBI HEJITHIMHOI'O BAPIAIIIMHOI'O METOAY PEJIEA-PITHA.
I. PO3PAXYHOK TA AHAJII3 PIBHIB EHEPT'II TA XBUJIbOBUX ®YHKI[INA

Jlns KBaHTOBOTO GiKBAAPATHYHOTO AHTAPMOHIYHOrO OCLMIATOPA 3 raMiibToHiaHOM H = %( p’ +0)2X2)+}\.X4

MIPOJOBXKEHO HAIlli TOCIiKEHHSA HOro BIACTHBOCTEH HAa OCHOBI 3aCTOCYBaHHS 301KHOTO PO3KIIaAy XBHIBOBOI (pyHKIIT
cUCTeMH 3a MOAM(DIKOBAaHUM OCLMIATOPHMM 0a3ucoM 3 BapilfoBaHOIO MiATIHHOIO YacTOTOI0 (),, TOOTO 3a IOBHUM
Ha0bopOM BIACHUX (yHKIIIA {(pn (@p; X)} JIESKOTO OMOPHOTO rapMOHiuHOro raminsroniana <7 (o,) = %( p? +co§x2) .
Jlanwii 3anponoHOBaHMI HAMU MiJIXiJ Aa€ 3MOTY KapIUHAIBGHO IMPUCKOPHUTH 301KHICTH PO3KIIAMIB 3aBISKU J0ATKOBIH
amanranii OasucHUX (yHKLIH 10 CTPYKTYpH JdOCHi[KyBaHOi cucteMu. OCHOBHY yBary TIpPHIUICHO CTpOTii
MaTeMaTu4Hii peanizamii BapiamifiHOi cxeMH 3 ONTHMI3alli€l0 4YacTOTH Oasucy ), $K CIPaBXHbOI HemiHifHOi
BapiamiifHoi 3MiHHOI. Po3risa 37iiicHeHO B paMKax y3aralbHEHOTO HENiHIHHOTO BapiamiiiHoro mMeromy Pemes—Pitma,
3riHO 3 AKUM BHKOHAHO IPOLEAypYy MiHiMi3alii eHeprii cTaHiB CHCTEMH 3a HENIHIMHMM IapaMeTpoM @, 3 METOIO
TOYHOTO PO3paxyHKy HOro ONTHMAJbHOI'O 3HAYEHHS NPH PI3HUX 3HAYEHHSX KOHCTAHTH 3B’SI3Ky OCLIIIATOpa A Ta
mopsAAKy BapiamiiiHoro 0azmcy N. Ymepmie ans maHoi Mozelli BUKOHAHO TOBHY CTPOTY YHCENBbHY peali3amilo i€l
NPOLENypH 3 TOYHHM KOHTPOJIEM, IO A€ MOXIIHMBICTH MEPEHTH Bill €BPUCTUYHOrO BHOOPY MapaMeTpiB IO CTPOro
QITOPUTMIYHOTO Ta BIJITBOPIOBAHOTO pO3paxyHKy. Take crTpore BapiaiiliHe OOIPYHTYBaHHsS Ja€ 3MOTY JIOCIIJUTH
CTPYKTYpY (pyHKITiOHaNA eHeprii Ta 0coOIMBOCTI MOBEAIHKHN HelniHiltHOTO mapameTpa. [lokasaHo, mo 3amponoHOBaHUI
miAXiz 3abesnedye cTaHAapTHY TOYHIiCTh oOumcienb eHeprii 1078 mpu nyxe manomy mopsaky 6asucy N =6+7 Ta
30epirae mpu HbOMY CBOIO e(heKTHUBHICTD y BCii 001aCTi CHIIBHOTO 3B S3KY — IIPH OyIb-SIKUX A. JlOCTiIKEHO OBEIIHKY
OITHMI30BaHOTO YaCTOTHOT'O IapaMeTpa (), 3aJIeKHO Bif Mopaaky 6asucy N 1 BUABICHO Ta IHTEPIPETOBAHO BAaXKIMBUH

edekT BapiauifHOro MJIaTO — MMPOKOI JUITHKU 3MiHH IIapaMeTpa (,, y MeXax SKOi po3paxoBaHa €HEprisl 3aIHIIAEThCS

MIPAaKTHYHO cTayioo. Jlanmi MM MeTosoM po3paxoBaHO XBHIIbOBI (DyHKIIT cucTeMH Ui psay 3HadeHb A. OTpumani
pe3yIpTaTi JEMOHCTPYIOTh, IO HENiHIHHA ONTHMi3amis 0a3ucy € Haa3BUYalHO JIEBUM MEXaHI3MOM 3HAYHOTO
TTiIBUIIEHHS e)EeKTUBHOCTI BapialifHUX PO3paxyHKIB sIK JJIsl €HEPTiH, TaK i s XBUIbOBUX (PyHKIIIH.

Kniouosi cnosa: aHrapMOHIYHUN OCIMIIATOD, TAPMOHIYHHN OCHMISTOPHUHA 0asuc, OiKBaJpaTHYHUN aHTapMOHIYHHN
OCHWIIATOP, HENMHIKHUI BapiamiiHuil MeTon, Metox Penes—PiTia, kBaHTOBa TEOpis MOIA.
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STUDY OF THE QUARTIC ANHARMONIC OSCILLATOR
USING THE NONLINEAR RAYLEIGH-RITZ VARIATIONAL METHOD.
I. CALCULATION AND ANALYSIS OF ENERGY LEVELS AND WAVE FUNCTIONS

For the quantum quartic anharmonic oscillator with Hamiltonian H =%(p2+m2x2)+XX4, our study has been

further developed using a convergent expansion of the system’s wave function in a modified oscillator basis with an
adjustable frequency o, i.e., in the complete set of eigenfunctions {(pn (o)o;X)} of a reference harmonic Hamiltonian

W(O)(mo):%(p2+mgxz). Our proposed approach enables a significant improvement in the convergence rate of

expansions through the additional adaptation of the basis functions to the specific structure of the system being
analyzed. Primary attention is given to the rigorous mathematical implementation of the variational scheme, treating the
basis frequency , as a true nonlinear variational parameter subject to optimization. Within the framework of the
generalized nonlinear Rayleigh—Ritz variational method, the system’s energy is minimized with respect to the nonlinear
parameter o, to accurately determine the optimal value of o, for different values of the oscillator coupling constant A
and the variational basis size N . This study provides, for the first time, a fully rigorous numerical implementation of

this procedure for the quartic anharmonic oscillator, ensuring precise control and enabling a transition from heuristic
parameter selection to a systematic and reproducible algorithmic approach. This rigorous variational justification
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enables the exploration of the energy functional’s structure and the behavior of the nonlinear parameter. It is shown that
the proposed method provides standard 10 accuracy in energy calculations, employing a remarkably small basis size
of N =6-7, while maintaining high efficiency throughout the strong-coupling region — for all values of A. The
behavior of the optimized frequency parameter «, with respect to the basis size N was also investigated, along with

the identification and interpretation of the important effect of the variational plateau — a broad region of variation in the
parameter o, where the computed energy remains nearly constant. The system’s wave functions were also calculated

using the proposed method for a range of A . The obtained results demonstrate that nonlinear optimization of the basis is
a highly effective means of substantially increasing the efficiency of variational calculations, both for energies and for
the wave functions.

Keywords: anharmonic oscillator, harmonic oscillator basis, quartic anharmonic oscillator, nonlinear variational
method, Rayleigh—Ritz method, quantum field theory.
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