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MACROSCOPIC APPROACHES TO ROTATING NEUTRON STARSa 

 

The macroscopic model for a neutron star (NS) as a perfect liquid drop at equilibrium is extended to rotating systems 
with a small frequency ω within the effective-surface (ES) approach. The gradient surface terms of the NS energy density 
( )ρ  in the Equation of State are taken into account along with the volume components at the leading order over the 

leptodermic parameter, / 1,a R  where a is the ES crust thickness and R is the mean NS radius. The macroscopic NS 
angular momentum at small frequencies ω is used for calculations of the adiabatic moment of inertia (MI) within the Kerr 
metric approach in the outer Boyer - Lindquist and inner Hogan coordinate forms. The NS MI ( )Θ Θ / 1 ,tϕ= −   was 

obtained in terms of the statistically averaged MI, Θ,  and its time and azimuthal-angle correlation, ,tϕ  as the sum of 
volume and surface components. The MI Θ depends dramatically on the effective radius R due to a strong gravitation and 
surface effects. We found significant additional rotational constraints on the radius R due to the correlation term tϕ  and 
surface contributions. With these contributions, the adiabaticity condition is better fulfilled for a stronger gravity in many 
well-known NSs.  

Keywords: nuclear astrophysics, energy density, neutron star, Kerr metric, moments of inertia. 
 

1. Introduction 
 

In this paper, in line with the derivation of Tolman 
- Oppenheimer - Volkoff (TOV) equations [1–3] from 
the General Relativity Theory (GRT), we present the 
macroscopic model for neutron stars (NSs) as perfect 
liquid drops at equilibrium under a strong gravitation. 
They are rotating with a small azimuthal frequency ω 
around the symmetry axis at zero temperature [4, 5]. In 
accordance with numerous recent observational data 
[6–20], the NS masses M are larger than the Solar 
mass, ( )~ 1 2 ,M M− ☉  but their radii R are 
extremely small ~ 10 km,R  such that the mean inner 
density ρ  is larger than or of the order of 0 ,ρ  where 

14 3
0 ~ 10  g / cmρ  is the nuclear matter density; see 

also early successfully obtained observational data for 
radio pulsars [21]. These properties mainly create a 
new field in astrophysics, i.e., nuclear astrophysics 
[22–34].  

As the TOV equations [2] are used along with the 
Equation of State (EoS) in a lot of astrophysical 
works on NSs, it would be logical to agree on the 
arguments for the specific derivations of the TOV 
equations and EoS. This is the main motivation of the 
macroscopic approach [35], which is also important 
for studying the NS rotations. Within nuclear 
astrophysics, we have to take into account the strong 
gravitational field through the fundamental work [36] 
as in the derivations of the TOV equations, in contrast 
to nuclear physics. Our suggestion for these 
coordinates [37] does not exclude microscopic EoSs. 
However, it requires the corresponding essential 
modification of the TOV equations; see Refs. [35, 
37]. Taking Tolman’s ideas, the EoS was extended 
[35, 37] to that for a dense macroscopic system of 
particles for the case of non-rotating NS systems; see 
also Refs. [4, 5]. In such a leptodermic system, one 
finds the density ρ as a function of the radial 
coordinate  with  exponentially decreasing behavior 
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from an almost constant value ρ  inside the dense 
system to zero through the NS effective surface (ES) 
in a relatively small (inner) crust range a, .a R  
The ES is defined as the set of spatial coordinates 
with maximum density gradients. To obtain analyti-
cal solutions for the density distribution and EoS, we 
use the leptodermic approximation, / 1a R  [28, 
29, 32, 34, 38–46]. This imposes the limitations to the 
applicability of our macroscopic approach by suffi-
ciently large effective radii R of NSs for their masses, 
which are larger than or of the order of the Sun mass, 
and densities ρ  larger than or of the order of that of 
nuclear matter. 

In our macroscopic approach [35], the NS radius R 
is the curvature radius of the NS ES. Within this ES 
approximation, the simple and accurate solutions of 
many nuclear and dense liquid-drop problems 
involving the density distributions were obtained for 
nuclei [47–52] and NSs [35, 37]. The ES approach 
exploits the property of saturation of the statistically 
averaged density ρ inside of such a dense molecular- 
or nuclear-type and gravitational system, which is its 
characteristic macroscopic feature. Note that for the 
dense molecular (e.g., liquid-drop) systems, van der 
Waals (vdW) [53] suggested the phenomenological 
capillary theory; see also Refs. [5, 54]. This theory 
predicts the results for the density ρ and surface 
tension coefficient σ. They are similar to the results 
obtained later in Ref. [47] for liquid drops, nuclei, 
and presumably, NSs [35]. The realistic ener-
gy-density distribution is minimal at a certain satu-
ration density for a dense particle system in infinite 
nuclear matter. As a result, a relatively narrow edge 
region exists in finite nuclei or NS crust in which the 
macroscopic density ρ drops sharply from its almost 
central value to zero. We assume here that the statis-
tically averaged density inside the system far from 
the ES can be relatively changed a little. This satura-
tion property of the macroscopic dense system, such 
as a hydrostatic (hydrodynamic) liquid drop, e.g., 
nucleus, or probably, NS in a final evolution state, is 
considered macroscopically, according to the TOV 
derivations [1–3]. Thus, an easy extraction of rela-
tively large terms in the density distribution equations 
for the variation equilibrium condition can be rea-
lized inside and near the ES. The equilibrium condi-
tion means that the variation of the total energy E 
over the density ρ is zero under the constraints that 
fix some integrals of motion beyond the energy E by 
the Lagrange method. The Lagrange multipliers are 
determined by these constraints within the local 
energy-density theory, in particular, the extended 
Thomas - Fermi (ETF) approach, well known from 
nuclear physics, Refs. [55] and [56] (chap. 4). The 
Lagrange equilibrium equations can be reduced to a 

simple one-dimensional catastrophe equation for the 
density ρ in the leading normal-to-ES direction.  

Such an equation mainly determines approxi-
mately the density distribution across the diffused 
surface layer of its thickness parameter a to the mean 
ES-curvature radius R ratio, / 1,a R  in the 
body-fixed coordinate system, i.e., with zero rota-
tional frequency, 0,ω =  where d / d ;tω = ϕ  see 
Ref. [57]. A small leptodermic parameter, / ,a R  of 
the expansion within the ES approximation can be 
used for analytically solving the variational problem 
for the minimum of the system energy with con-
straints for a fixed particle number, and other inte-
grals of motion, such as the angular momentum, 
quadrupole deformation, etc. When this edge distri-
bution of the density is known, the leading static and 
dynamic density distributions that correspond to the 
diffused surface conditions can be simply con-
structed. We should derive the equation for the ES 
coupled to the NS volume by boundary conditions 
[48, 58]. This ES approach is based on the catastro-
phe theory for solving differential equations with a 
small parameter of the order of /a R  as the coeffi-
cient in front of the higher-order derivatives in the 
normal to the ES direction. A relatively large change 
of the density ρ on a small distance a with respect to 
the ES curvature radius R takes place for the 
liquid-matter drop (nuclei, water drops, and presu-
mably, NSs). Inside such dense systems, the density ρ 
is changed slightly around a mean internal-density 
constant ρ , relatively far from the ES. Therefore, 
one obtains essential effects on the surface capillary 
pressure as in the general vdW theory [53, 54].  

The accuracy of the ES approximation was 
checked in Ref. [49] for the nuclear physics problems 
by comparing the results with the existing nuclear 
theories like Hartree - Fock (HF) [59] and ETF [55, 
56], based on the Skyrme forces [55, 59–67], but for 
the simplest case without spin-orbit and asymmetry 
terms of the energy density functional. The extension 
of the ES approach to the nuclear isotopic symmetry 
and spin-orbit interaction has been done in Refs. [50–
52]. The Swiatecki derivative terms of the symmetry 
energy for heavy nuclei [68–75] were taken into 
account within the ES approach in Ref. [52]. The 
discussions of the progress in nuclear physics and 
astrophysics within the relativistic local density 
approach can be found in reviews Refs. [32, 34, 76]; 
see also Refs. [46, 77, 78]. The ES corrections to the 
TOV equations [2, 3] for NSs have been derived in 
Ref. [37].  

The macroscopic NS rotation problem can be 
formulated first for a small rotational-energy pertur-
bation of the strongly gravitating spherical-
ly-symmetric background described by the Schwarz-  
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schild metric. The basic ideas for studying a 
slow-rotating spherical system in the GRT were 
largely suggested already in Ref. [57] by Lense and 
Thirring to use an extended Schwarzschild metric. 
The frequency ω dependence of the gravitational 
metric for a slow-rotating star was first more conse-
quently obtained by Kerr within the GRT [79]. Sim-
ple, clear derivations of the Kerr metric approach 
were discussed [4, 80, 81] for a relatively slow rota-
tion by accounting also for small (quadrupole or 
spheroidal) deformations of the gravitating system. 
The specific independent formulation based on the 
Schwarzschild metric perturbation approach was 
developed by Hartle and Thorne in Ref. [82]. The 
simplest form of the Kerr metric in terms of other 
more transparent variables was found for the region 
outside of the NS by Boyer and Lindquist in 
Ref. [83], and for the inner NS part by Hogan in 
Ref. [84]; see also Refs. [4, 80, 81, 85]. Friedman and 
his collaborators have developed the GRT for the 
energy-momentum of uniformly rotating stars as a 
perfect dense stellar fluid with a constant angular 
velocity ω [86–89]; see also the earlier work by 
Boyer and Lindquist, Ref. [90], and Ref. [5]. This 
theory of the rotating NSs will be specified as a linear 
response of the Schwarzschild gravitational metric to 
their rotational energy. In the present work, we 
extend the ES approximation of Refs. [35, 37, 50–
52], to the rotating NSs for their slow macroscopic 
motion with constant frequency ω within this linear 
perturbation theory. This report is based on the 
extended work, Ref. [91].  

 

2. Basic theoretical points 
 

We start with the remarkable solution for the 
gravitational metric gµν  of the GRT equations 
obtained by Kerr [79]. In the form of Boyer - Lind-
quist [83] and Hogan [84], the time-space element 

2ds  in the linear approximation over the rotation 
frequency parameter Ω can be presented in units of 

1c G= =  as 
 

2 2 22 sinds e dt dtdν= + τΩ θ ϕ −  
 

 2 2 2 2 2 2sin .e dr r d r dλ− − θ − θ ϕ  (1) 
 

Here, v and λ are the Schwarzschild metric parame-
ters [3, 4, 36]. According to Refs. [83, 84], for τ(r) 
one finds 
 

 
2

2

2
11 1    ,
2 S

rA at r R
R

 
τ = − − − ≤  

 
 (2) 

and 

           ,gr at r R
r

τ = >  (3) 

where 
 

 
1/22

2
3 1 , 
2 S

RA
R

 
= − 

 
 (4) 

 
RS is the Schwarzschild radius; see Ref. [3], 
 

 3  , 
8SR =
πρ

 (5) 

 
and rg is the gravitational radius, 
 
   2 , gr M=  (6) 
 
M is the NS mass. A smooth transition of the outer to 
the inner Schwarzschild metrics leads approximately to 
the boundary condition at the effective NS radius R [3], 
 

 
2

2  . g

S

r R
R R
=  (7) 

 
The NS angular momentum I can be calculated in 

terms of the energy-density tensor ;T ν
µ  see 

Refs. [86–89], 
 

 ,   , ˆ dI T n I Mν µ
µ ν= ∫ φ ≈ ωΘ ≈ Ω  (8) 

 

where µφ  is the Killing vector, and n̂ν  is the normal 
vector to the hypersphere, which is a boundary of the 
integration volume occupied by the gravitating 
masses. The relation between the angular momentum 
I and the Kerr parameter Ω is valid outside of the 
gravitating system, and Θ is the moment of inertia 
(MI). The energy-momentum tensor T ν

µ  for the NS 
as a perfect liquid drop is given by Refs. [4, 5] 
 

 ( )  , T u u gν ν ν
µ µ µ= ρ +   (9) 

 

where g ν
µ  is the gravitational metric [see Eq. (1)], 

( )1,0,0,uµ ∝ ω  is the four-velocity for the NS rotation 
with a dimensionless frequency (angular momentum) 

2 ,/I Mω =    is the pressure. The energy density 
( )ρ  is the ETF macroscopic EoS [35]: 

 

 ( ) ( ) ( )2 ,ρ = ρ + ∇ρ    (10) 
 

 ( ) ,= ρ + ε ρ  (11) 
 

 ( ) ( )2
2  . K

m
ε ρ = ρ ρ − ρ

ρ
 (12) 

 

In the last equation, K is the incompressibility modulus 
including  the mean molecular vdW, nuclear Skyrme, 
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and gravitational fields, and m is the effective 
test-particle mass. In Eq. (10),   is the macroscopic 
inter-particle interaction constant for the same fields, 
which determines the crust thickness, 

( )1/2 ;/a m K∝ ρ  see Appendix A and Refs. [35, 91]. 
In the adiabatic approximation for small rotational 

energy, one has 
 

 21 ,
2rot ETF V SE E E E= Θω = +  (13) 

 
where ETFE  is the total ETF energy, VE  and SE  
are the volume and surface energy components on the 
very right; see Eq. (A10). For the MI Θ, from Eqs. (8) 
and (9), one obtains 
 

 Θ  . 
ω 1 t

I

ϕ

∂
Θ = =

∂ −




 (14) 

 
For the statistically averaged MI related to the 

diagonal Schwarzschild gravitational metric [3], one 
has 

 

 ( ) 2 2 Θ sin d ,e r−ν= ∫ ρ θ    (15) 
 

where ( ) 2d sin d d dJ r r r= θ θ ϕ  (see Appendix A). 
The t - ϕ correlation term in Eq. (1) leads to the 
following rotational contribution: 
 

 ( ) 22 sin d , t e
M

−ν
ϕ ≈ ∫ ρ τ θ    (16) 

 
where τ is given by Eq. (2). This contribution appears 
in Eq. (14) due to a consistent accounting for the 
second relation between the angular momentum I and 
the MI Θ in Eq. (8). Splitting now the energy density, 
( ) ,ρ  Eq. (10), into non-gradient, ( ) ,ρ  Eq. (11), 

and gradient, ( ) ( )2 2/ ,r∇ρ ≈ ∂ρ ∂   dependent 
components, and using similar techniques as presented 
in Ref. [35], one can derive each of them, Θ  and 

,tϕ  in terms of the volume and surface terms, 
 

 Θ Θ Θ ,   . V S t V Sϕ= + = +       (17) 
 

The specific expressions for the MI Θ,  Eq. (15), and 

tϕ  contributions, Eq. (16), and their volume and 
surface components are shown in Appendix A. 

For the adiabatic condition, Eq. (13), for the NS 
periods P, one finds 

 

 0 0,   2 Θ / 2 . ETFP P P E= π  (18) 

For the volume contribution ( )
0

VP  of the upper 
boundary period 0,P  one obtains 

 

( )

( )
1

0

2

Θ  2 2   . 
2 1 1

V SV

V V

S

RW R
P R

E RW R

  
 = π ≈ π

−  −  
 




 

(19) 
 

For the statistically averaged volume periods 
( )

0 ,VP  one finds ( 1)c G= =  
 

( ) ( )0 1
Θ  2 2 0.11 0.27 ms. 
2

V V

SV

RP R W RE
 = π ≈ π ≈ − 
 



  

(20) 
 
These estimates are obtained for typical NS masses 

,0.6 2.5M M= − ☉  and radius 10 km,R =  and 
approximately 0.15 – 0.24 ms for R =15 km. 
 

3. Discussions 
 
Figure 1 shows the adiabatic MI Θ, Eqs. (14)–(16) 

(see Appendix A) as functions of the effective radius 
R for different densities ( ) 04 .1ρ = − ρ  As seen from 
this Figure, the MI changes dramatically because of 
the appearance of the pole (see Eq. (14)), R = RK, due 
to the inclusion of the t - ϕ correlation contribution 

,tϕ  Eqs. (16) and (A5), (A16), and surface contri-
butions. These rotational asymptotes are determined 
by the roots of the equation ( ) 1t xϕ =  with respect 
to the variable / .Sx R R=  Therefore, one finds the 
additional constraints, ,KR R<  because of the 
strong gravitation in rotating NSs.  

Figure 2 presents the same MI for the specific 
inner density, 0 ,3ρ = ρ  but for different approaches. 
The solid and dashed lines show the MI with and 
without the correlation contribution ,tϕ  respecti-
vely. The frequent dotted and rare dotted lines display 
their volume contributions. As seen, the correlation 
contribution of tϕ  is significant, and the surface 
effects become larger when these correlations are 
included. 

Figure 3 shows the mass distribution M(R), 
Eq. (A8), as a function of the effective radius R by 
using only two physical parameters, the relative crust 
thickness a/R, and the relative asymptotical inner NS 
density, 0/ 1 4.ρ ρ = −  The surface effect is mea-
sured by the relative difference between the full NS 
mass, V SM M M= +  (see Eq. (A8), solid lines) and 
its corresponding volume component VM  ( 0,a =  
Eq. (A9),  dashed  curves). As seen from Fig. 3, the  
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Fig. 1. Adiabatic moments of inertia Θ in units of 22 / 5MR  as functions of the NS radius R are shown for inner densities, 

0ρ / ρ 1 4,= −  where 14 3
0 0ρ 2.68 10 g / cmm n= = ⋅N  is the nuclear matter density. Arrows show the poles RK of the MI, 

Eq. (14), for finite φt −  correlations φ ,t  Eq. (16). (See color Figure on the journal website.) 
 

 
Fig. 2. The same as in Fig. 1 but for different approximations. Solid and dashed lines (V+S) show the MI contributions 
with and without the correlation term, respectively. Volume contributions are shown by frequent and rare dotted lines (V). 
The dimensionless incompressibility is given by 10;κ =  see Eq. (A14). The leptodermic parameter /a R  is 0.08. 
Arrows show the Schwarzschild radius RS, Eq. (5), and rotational poles due to the φt −  correlations, RK. (See color 
Figure on the journal website.) 
 
surface component is quite significant even at a small 
leptodermic parameter / 0.08a R =  because of strong 
gravitation. The NS mass M(R) is not a monotonic function 
of R for the fixed inner NS density, ,ρ  because of the 
surface component, MS. This contrasts with the monotonic 
behavior of the volume mass, 3,VM R∝  in the Cartesian 
case of the weak Newtonian gravitational limit at a = 0. For 
any given value of ,ρ  one finds a rather pronounced 
maximum in dependence on the full mass M(R), Eq. (A8), 
MI Θ(R) (see Figs. 1 and 2). The NS mass for each of these 
curves at a given value ρ  disappears sharply in the limit 

,SR R→  and does not exist at .SR R≥  We should 
emphasize that our derivations for the surface components 
of the NS mass and MI fail near the point .SR R=  As 

seen from Fig. 3, our results are in reasonable agreement 
with the observational data, Refs. [8, 9, 10, 14], at the 
volume density ( ) 03 ,2ρ = − ρ  with / 0.08a R =  for 
the NS J0030+0441 [9, 11], / 1.2 1.6;M M = −☉  and 

/ 0.04a R =  for the NS J0740+6620 with a larger mass 
[10, 19], / 2.0 2.1.M M = −☉  

Figure 4 presents the characteristic upper limit 
periods P0, Eq. (18), as a function of the ratio of the 
effective radius R to the Schwarzschild radius RS, 
Eq. (5), versus the results calculated for the observa-
tional data on the mass M, radius R, and period P. We 
show these data at the minimum and maximum 
values of R/RS, which are expressed through the mass 
M and radius R by using the smooth joining boundary 
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Fig. 3. NS masses M, Eq. (A8), as functions of the NS radius R are shown by solid lines for relative densities 

 and leprodermic parameter . Dashed lines are the volume masses MV (for ). Frequent 
red and green dashed lines show masses for  and  and . Red (oblique cells) and orange 
(frequent points) spots show observational data on the NS J0030+0441 [9, 11]; magenta (oblique lines), and cyan 
(frequent points) spots present the J0740+6620 [10, 19]. (See color Figure on the journal website.) 
 

 
Fig. 4. NS periods P as functions of R/RS. Straight line segments represent observational data for several NSs; see 
Refs. [6–19]. Dashed-dotted, solid, and dotted black lines are periods P0 at relative incompressibility values 2 (weak), 10 
(strong), and 50 (super strong gravitation); see Eq. (A14) for  Heavy green dotted and red dashed lines show        
the volume  Eq. (19), and with  Eq. (20), without correlations. The parameters are  a/R = 0.08, 
and R = 12 km. (See color Figure on the journal website.) 
 
condition (7) for the outer and inner Schwarzschild 
metrics and the gravitational radius  Eq. (6). The 
full characteristic rotation periods P0 (solid) are 
compared with their volume  (dotted) and the 
statistically averaged  (dashed lines) contribu-
tions. Using the outer-inner boundary relation (7) and 
Eq. (6) for  we expressed the variable  
in terms of the NS mass M and radius R by 

 for a mean NS radius 
 The limit periods P0 are dramatically 

changing functions of the relative effective NS radi-
us, R/RS (for a given R), with the corresponding 

asymptotes R = RK for P0 and  and R = RS for 
 respectively, as shown in Fig. 2. The periods 

P0 and  are monotonically increasing functions 
of R/RS, which are asymptotically convergent to the 
corresponding asymptotes R = RK. This contrasts 
with the dashed curve having a maximum for the 
statistically averaged period  and a cusp in the 
top. In Fig. 4, we also show the essential dependence 
of the full limit periods P0 on the dimensionless 
incompressibility parameter  (Eq. (A14)) through 
the tension coefficient σ, Eq. (A13), in the surface MI 
and  energy  components. The values of P0 decrease   
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with the incompressibility values of κ  from a weak 
( 2,κ =  close to the nuclear matter case) to strong 
( )10κ = , and then, to super strong ( )50κ =  gravi-
ty. As a result, for a strong and super strong gravita-
tional field 10κ =  (solid) and 50 (frequent dotted 
black curve), the adiabatic condition is carried well 
for all stars shown in Fig. 4, while it is not the case for 
a weak gravitation ( )2 .κ =  The adiabaticity condi-
tion is better fulfilled because of a stronger gravita-
tion for several observational data (see Fig. 4) for 
which the masses M, radii R, and rotational periods P 
are measured with good accuracy. The surface effect 
is increasing because of the correlation term and a 
change of the asymptote R = RK, as seen from Figs. 2 
and 4. Thus, we may conclude from the results shown 
in Fig. 4 that the adiabaticity condition (18) is carried 
out well for the shown NSs at the strong 10κ =  and 
super strong gravitation 50κ = .  
 

4. Conclusions 
 
The macroscopic effective surface approximation 

is extended to a NS rotating dense-liquid drop at 
equilibrium for small frequencies ω. The gravita-
tional field was taken into account through the Kerr 
metric based on the Schwarzschild GRT solutions for 
spherical symmetry in the adiabatic approximation. 
The NS masses ( )M R  ( )g Sr R R< <  with surface 
components are in good agreement with recent 
observational data. The additional constraints on the 
NS radius R appear due to the rotation and effec-
tive-surface contributions ,g Kr R R< <  where RK is 
the root of the equation ( ) 1.t xϕ =  The adiabatic 
NS MI Θ depends much on the t - ϕ correlation and 
surface contributions. The adiabatic condition is 
carried out well for many NSs with periods 
5 3000 ms,−  especially for a strong gravitation, even 
for smaller periods and larger masses.  

For perspectives, one should systematically study 
our macroscopic method based on the adiabatic 
condition for the MI calculations in order to apply it 
to a wide range of NSs. Our macroscopic model 
should be improved by taking into account the 
internal many-component structure, in particular, the 
isotopic asymmetry, and the thermal evolution. To 
include the gravitational-wave emission, one should 
essentially modify this model. 
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Appendix A 
 

Calculations of the MI 
 

The statistically averaged Θ,  Eq. (15), and the 
t - ϕ correlation ,tϕ  Eq. (16), MI can be explicitly 
analytically calculated within the linear appro-
ximation over the dimensionless frequency 

2/ 1.Ic M Gω =   Within this Appendix, we will 
recover for convenience the ordinary dimensions of 
quantities. The volume components ΘV

  and V  are 
obtained in the closed and simple forms. For Θ ,V

  
one finds (see Ref. [91])  
 

( ) ( )
2

4 2
1 0

0

8 2 Θ d ,
3 5

R

V
c e J r r r MR W z−νπρ

= =∫  

 

 
2

2
12ln 1 ,
2 S

rA
R

 
ν = − −  

 
 (A1) 

 
where v is the parameter of the inner part of the 
Schwarzschild metric, Eq. (1) (see Ref. [3]), 

( )1/22 2
0 1 / ,Sz R R= −  A is given by Eq. (4), 

( ) ( ) 1/22 21 / SJ r r R
−

= −  is the inner radial Jacobian 

( ),r R<  M is the NS mass, ( ) 1/223 / 8SR c G = π ρ   

is the Schwarzschild radius (the gravitational radius 
is 22 /gr M c= ). In Eq. (A1), 
 

 ( )
( )

( ) ( )1 0 1 1 05/22
0

1  1 ,
1

W z q q z
z

 = − 
−

 (A2) 

 

where 2 21 / Sz r R= −  for the transformation of the 
radial variable r to dimensionless z, 
 

( ) ( )2 2 2

1

2 1 2 24 6
2

z A Az z
q z

A z
− − + +

= +
−

 

 

( ) ( ) ( )2 26 8 1 arcsin 24 1 4 ln , ,A z A A z A + − + − ζ   
(A3) 

 

 ( )
2 21 2 1 4 1, . 

2
Az A zz A

A z
− + − −

ζ =
−

 (A4) 
 

For the volume t - ϕ correlation contribution ,V  
Eq. (16), one obtains 
 

 ( ) ( )
2

2
2 0

0

16  d .
3

R

V
c e J r r r W z

M
−νπρ

= τ ≈∫  (A5) 
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Here, τ(r) is given by Eq. (2), 
 

( )
( )

( ) ( )2 0 2 2 03/22
0

2  1, , ,
1

W z q A q z A
z

 = − 
−

   (A6) 

 
with the same z and z0, and 
 

( ) ( )
( )

2 2

2

2 8 1
 

2 2
z Az z

q z
A z

− + −
= −

−
 

 

 ( ) ( )
2

9 2arcsin ln , ;
2 1 4

Az z A
A

 − + ζ −
 (A7) 

 
see Eq. (A4) for ζ. 

For the NS mass M, one results in 
 

( ) ( )
2

1/23 2 2

41 ,
/ 1 /

V S V

S S S

aRM M M M
R f R R R R

 
 ≈ + = −
 − 

(A8) 
where MV is the volume mass component, 
 

( ) ( )32 ,    V SM R f x f x= πρ =  
 

 ( ) 2arcsin 1 ,   / .Sx x x x R R= − − =  (A9) 
 
Similarly, for the total NS energy EETF, one has [35] 
 

 ( )  , ETF V SE d E E= ∫ ρ ≈ +   (A10) 
 

where EV is the volume part of the total energy, 
 

 ( )2 3  2 , V SE c R f x= πρ  (A11) 
 
with the same x as in Eq. (A9). For the surface part, 
one obtains 

,SE S≈ σ   (A12) 
 

where 24S R= π  is the surface area value, and σ is 
the leading-order tension coefficient, 
 

2

2 2 2 2

4 16  .
135 1 / 45 1 /S S

aKn a c
R R R R

κρ
σ ≈ =

− −
    (A13) 

 

Here, n  is the inner particle-number density, κ  is 
the dimensionless incompressibility,  
 

 2 2  ,
12 12

Kn K
c mc

κ = =
ρ

 (A14) 

 
2cρ  is the inner energy density constant, and 

.mnρ =  The surface MI components, ΘS
  and ,S  

are derived analytically in terms of the surface 
tension coefficient σ (see Eq. (A13)), 
 

 
4

2 2 2

4 Θ
3 1 /

S

S

R
c R R
π σ

=
−

  (A15) 

and 
 

 
4 2

2 2 2
8 / . 

3 1 /
S

S
S

R R
Mc R R
πσ

=
−

  (A16) 

 

Notice that Θ 0S >  and 0S >  because the ten-
sion coefficient σ  is positive and SR R<  for a 
stable equilibrium. These surface components are 
proportional to the leptodermic parameter / ,a R  

/ ;a Rσ∝  see Eq. (A13). The crust thickness a  is 
related to the inter-particle interaction parameter   
of Eq. (10), the particle number density n , and the 
total nuclear-gravitational incompressibility K  of 
Eq. (12) by ( )1/2218 /a m n K=   (see Ref. [35]). 
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МАКРОСКОПІІЧНІ НАБЛИЖЕННЯ ДО ОБЕРТАННЯ НЕЙТРОННИХ ЗІРОК 
 
Макроскопічна модель нейтронної зірки (НЗ) як ідеальної рідкої краплини поширюється на обертальні 

системи з малою швидкістю обертання ω у наближенні ефективної поверхні (ЕП). Враховано градієнтні члени 
енергії густини НЗ ( )ρ  рівняння стану разом з об’ємними компонентами в головному наближенні за 
лептодермічним параметром / 1,a R  де a  є товщиною шару ЕП та R – середній радіус НЗ. Для розрахунку 
адіабатичного моменту інерції (МІ) використовується вираз макроскопічного кутового моменту за малої частоти 
ω  у рамках метрики Керра у зовнішніх координатах Бойера - Лінгвіста та внутрішніх координатах Хогана. 
Отримано НЗ МІ ( )Θ Θ / 1 tϕ= −   через статистично усереднений МІ Θ та азимутально-кутову кореляцію tϕ  як 

суму об’ємного та поверхневого компонентів. Показано, що МІ Θ суттєво залежить від ефективного радіуса R 
внаслідок впливу сильної гравітації та поверхневих ефектів. Знайдено значні додаткові обмеження на радіус R 
завдяки кореляції tϕ  та поверхневим внескам. З цими внесками адіабатична умова при сильній гравітації 
виконується для багатьох добре відомих НЗ. 

Ключові слова: ядерна астрофізика, густина енергії, нейтронна зірка, метрика Керра, моменти інерції. 
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