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INVESTIGATION OF THE INTERNAL STRUCTURE OF THE DEUTERON 

AGAINST THE BACKGROUND OF TWO-PHOTON EXCHANGE EFFECTS 

IN ELASTIC ELECTRON-DEUTERON SCATTERING1 

 

This work aims to investigate the simultaneous influence of two-photon effects in quantum electrodynamics and 

logarithmic corrections in quantum chromodynamics on certain observable experimental quantities (structure functions 

A(Q2) and B(Q2) in elastic electron-deuteron scattering). Analyzing these effects broadens our understanding of electron 

scattering physics, particularly the manifestations of quark-gluon degrees of freedom in the deuteron. 
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1. Introduction 
 

To date, a vast amount of experimental data on 

the interaction of polarized and unpolarized deute-

rons with electrons at large values of the transferred 

momentum squared, 2,Q  has been accumulated. 

This opens up new opportunities for studying the 

structure of the deuteron at distances smaller than 

the nucleon size. However, the comparison of pre-

dictions from perturbative quantum chromodyna-

mics (pQCD), obtained from the analysis of lower-

order quark-quark interactions, with available expe-

rimental data and other approaches to elastic scatte-

ring of electrons by polarized and unpolarized deu-

terons remains insufficiently explored. In the asymp-

totic region, where the magnitude 2Q  significantly 

exceeds the deuteron's mass squared, according to 

pQCD, predictions for the functional dependence of 

the deuteron form factors can be obtained based on 

the phenomena of asymptotic freedom and the fac-

torization theorem. In this case, the deuteron is con-

sidered a system of six quarks moving collinearly, 

each contributing to the deuteron's momentum frac-

tion. However, these pQCD predictions can be con-

ditionally divided into two parts: predictions based 

on the “quark counting rules” (“cascade” pQCD 

diagrams (Fig. 1, a), which are relatively well-

supported by comparisons with experimental data 

[1 - 6]), and more subtle corrections which, although 

derived from the analysis of dominant contributions 

from simple ladder-type pQCD diagrams (“quark 

exchange” diagrams (Fig. 1, b)) [7 - 11], do not have 

such consistent experimental confirmation and, 

therefore, have not gained as wide acceptance as the 

predictions based on the “quark counting rules” [5, 

6, 12]. 

 

  
a b 

Fig. 1. The diagram based on the “quark counting rules” (a), and the diagram based on “quark rescatterings” (b), 

leading to finer logarithmic corrections (the Figure is taken from [7]). 
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On the other hand, in recent decades, the role of 
higher-order perturbation theory beyond the single-
photon approximation in electron scattering on had-
ronic systems has been widely discussed within the 
framework of quantum electrodynamics (QED). 
This is mainly associated with precise measurements 
of the electric and magnetic form factors of the pro-
ton conducted at the Thomas Jefferson National 
Accelerator Facility (JLab) [13, 14] and their theo-
retical interpretation [15 - 17]. 

As a result of the aforementioned studies, it has 
been shown that accounting for two-photon contri-
butions leads to qualitative changes in both the dif-
ferential cross section and polarization observables 
[15 - 20]. However, considering two-photon contri-
butions and logarithmic pQCD corrections separate-
ly has not yet led to a significant breakthrough in the 
experimental description of elastic electron-deuteron 
scattering [5, 11, 21] in the context of comparing 
theory and data. 

This article is dedicated to comparing the com-
bined contribution of these two scattering mecha-
nisms with experimental data [6, 22 - 24] (similar to 
how it was done in [11] and [21]). 

 

2. A brief theoretical description 

and problem statement 
 

In the pQCD approach, at high energies, the 
masses of quarks and hadrons are neglected. In this 
case, the amplitude of the investigated process is 
expressed through the amplitude of hard electron-
quark scattering, multiplied by the nonperturbative 

part (which can be associated with parameters iN  

( 1, 2, 3i = )2, which is associated with the distribu-

tion functions of quarks and gluons in the deuteron 
in the initial and final states [1 - 4, 7, 12]. When 
calculating the amplitude of hard (specifically per-
turbative) scattering, the deuteron is considered as a 
system of 6 quarks moving collinearly, each of 
which contributes to the deuteron’s momentum frac-

tion: ,i ix p P+ +=  where 0 3,i i ip p p+ = +  0 1,ix   

1i

i

x =  (given in the light-cone formalism). 

In Fig. 1 schematic diagrams of elastic electron-
deuteron scattering are presented (the horizontal 
lines represent quarks, the curved lines between the 
quarks are gluons, the propagator of each gluon con-

tributes ( )2 2

s Q Q  (where 2 2Q q= − ) to the hard 

amplitude of the process) ( )2

s Q  is the running 

strong coupling constant. 

 
2 iN are fitting parameters for determining the deuteron 

structure functions ( )2A Q  and ( )2B Q  (see Eq. (1) and 

Figs. 4 and 5). 

The first “cascade” (see Fig. 1, a) diagram cor-

responds only to the high-energy case of “hard” 

scattering, when, according to quark counting rules, 

the deuteron is represented by the minimal system of 

interacting valence quarks (with the contribution of 

sea quarks in the high-energy region being neglec-

ted). The second diagram (see Fig. 1, b) accounts for 

more subtle exchange effects between two quark 

“clusters” from which, at lower energies, a neutron 

and a proton are formed. The transition from the 6-

quark system to two clusters, each containing three 

quarks, is schematically shown in Fig. 2. 
 

 
a b 

Fig. 2. The transition from the 6-quark system (a), two 

quark clusters (each cluster “contains” three quarks) (b). 

(See color Figure on the journal website.) 
 

It is assumed that the main form factor of the 

deuteron in the perturbative region can be 

represented as the product of three factors, 

exhibiting dipole ( ) ( )( )
2

2 2 24 1 1 4G Q Q= +   

[11], power-law, and logarithmic behavior, 

respectively [4, 7, 10, 11]: 

( )
( ) ( )

( )

5 2 2 2 22
2 2

1 1 2 4 2 2

ln
~ ,

4 ln 4

d

N

s QCDd

QCD

Q QQ
G Q N G

Q Q

− 

− 

    
   
       

(1) 

where 1N  and   are non-perturbative parameters, 

6 5 ,d

FC =   2N

FC =   are so-called the 

“anomalous dimensions” of the deuteron and nuc-

leon, depending on the number of flavors and colors, 
2( -1) (2 ),F c cC n n=  3cn =  is a number of quark 

colors, 
2

11 ,
3

fn = −  5fn =  is a number of quark 

flavors (since the probability of the production of the 

sixth top quark in the energy range under study can 

be neglected) and 0.2 GeVQCD c =  is the charac-

teristic scale factor of the pQCD. The parameter   

differs from the value 0.71 ( GeV c )
2

 (as in [11] 

and [7]) for a free nucleon and thus takes into 

account the influence of the nuclear environment. 

In the experimental data, two kinematic regions 

can be conventionally distinguished, separated by a 

characteristic stitching parameter 2

0 .Q  The first region 

is the “pQCD region” with relatively large values of 
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the momentum transfer squared 2 2

0 .Q Q  The second 

region is the low-energy “meson region” ( )2 2

0 .Q Q  

The high-energy region is parameterized according to 

pQCD predictions [4, 7, 11, 12]. A “meson” 

approximation has been proposed for describing 

experimental data in the low-energy region [11, 12]. 

The parameter values ( )
22

0 3.5 GeVQ c=  [11] and 

( )
22

0 9 40 GeVQ c= −  [12], as well as the validity of 

the adopted parameterizations for both the low- and 

high-energy regions, were obtained from the analysis 

of experimental data. 

In this work, since we are primarily interested in 

the high-energy region of pQCD and QED 

predictions, we do not perform stitching between the 

high- and low-energy regions. However, we 

implicitly rely on the results from [11] and [12], 

which provide estimates of the energy scales where 

quark degrees of freedom and higher-order two-

photon contributions from QED perturbation theory 

begin to manifest. Based on the data from these 

studies, we limited the experimental data used from 

[6, 22 - 24] to a boundary of ( )
22

0 1.75 GeV .Q c=  

However, there is no experimental data with 

sufficient statistics to assess the contribution of the 

exchange-type diagrams (see Fig. 1, b). Therefore, 

they have not received as wide recognition [5, 11]. 

On the other hand, within the framework of QED, 

the role of higher-order perturbation theory beyond 

the single-photon approximation in electron scat-

tering on hadronic systems has been widely dis-

cussed [13 - 19]. 

Among second-order perturbation diagrams, the 

two-photon exchange (TPE) diagram plays a parti-

cularly important role. Indeed, it is the only one with 

a structure different from the Born approximation, 

and therefore it leads to a qualitative change in the 

scattering amplitude structure. 
 

  
a b 

Fig. 3. Diagrams of TPE: 

a – at amplitude 2 ,I I I
p nM M M= +  b – at amplitude 2 .II II II

p nM M M= +  

 

In the two-photon approach, two types of TPE 

amplitudes are calculated: one associated with 

Feynman diagrams in which two photons interact 

with the same nucleon 
2

IM  (Fig. 3, a) [16 - 18], and 

the other with diagrams in which each of the two 

virtual photons interacts with different nucleons 

2

IIM  (Fig. 3, b) [19]. Based on the analysis of the 

graphs in [21] and the analytical formulas in [25], it 

can be assumed that TPE contributions can be 

effectively approximated by logarithmic functional 

dependencies. 
 

3. Model description and obtained results 
 

As noted above, accounting for higher orders of 

perturbation theory in pQCD [11] and QED [21] 

separately has not led to a significant improvement 

in describing experimental data [6, 22 - 24] (similar 

to how it was done in [11] and [21]). At the same 

time, considering the importance of these effects, it 

would be interesting to see how the degrees of free-

dom of quarks and gluons manifest in elastic elec-

tron-deuteron scattering against the background of  
 

two-photon contributions. For example, this can be 
done by comparing the theoretical description of 
experimental data on elastic e d−  scattering with 

and without consideration of two-photon correc-
tions. It would be interesting to choose the most 
advanced theoretical model – namely, the model that 
takes into account the logarithmic corrections of 
pQCD extending into the “meson” low-energy 
region, as the baseline theoretical model. 

Based on the theoretical and experimental analysis 
conducted previously [19, 21, 25] beyond the single-

photon order of perturbation theory ( ( )2

1phA Q  and 

( )2

1phB Q  are the target and magnetic structure func-

tions in the one-photon approximation), we propose 
the following phenomenological parameterization  
of two-photon corrections (written in terms of the  
fine structure constant in natural units, 

2 4 1 137,e =  =  ( )
22 2

0 1.75 GeVEM Q c = = ): 
 

 ( ) ( )( )2 2 2

1 1 ln ,Ab

ph A EMA Q A a Q= +    (2) 

 

 ( ) ( )( )2 2 2

1 1 ln ,Bb

ph B EMB Q B a Q= +    (3) 

https://en.wikipedia.org/wiki/Fine-structure_constant#In_non-SI_units
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where Aa , Ba  and Ab , Bb , are fitting parameters of 

the model, the structure functions ( )2A Q  and 

( )2B Q  are expressed through 

 

( ) ( )2 2 2tan
2

Lab

Mott

d d
A Q B Q

d d

    
= +  

    
 

 

that is the differential cross section for unpolarized 

particles at the scattering angle Lab  in the 

laboratory coordinate system, 
 

2
2

2
4 2

cos
12

24
sin 1 sin

2 2

Lab

Lab e LabeMott

d

Ed E

M


  

=     +

 

 

is the Mott cross section, eE  is the energy of  

the initial electron, ( )2 2 2 2 22 8
,

3 9
C m QA Q G G G= +  +   

( ) ( )2 24
1

3
MB Q G=  +   are the target structure func-

tion and the magnetic structure function, respective-

ly, , , ,C M QG G G  which are functions of 1,G  2 ,G  and 

3G  (for more details, see, for example, [11]), are 

called the charge, magnetic, and quadrupole form 

factors of the deuteron, respectively, and 

( )2 24 ,Q M =  where M  is the mass of the deu-

teron. 

The exact formulas obtained in works [19, 21] 

are difficult to parameterize using simple functions 

due to their analytical complexity. However, based 

on the analysis of the graphs showing the depen-

dence of ( )2A Q  and ( )2 ,B Q  obtained in [21], we 

can hypothesize (this is the main assumption of our 

work) that the contribution of two-photon correc-

tions can potentially be effectively described by a 

logarithmic approximation (the logarithmic behavior 

of the two-photon contributions is most clearly visi-

ble in [21] for polarization tensor component, 22T ). 

We understand that this assumption has not yet been 

strictly proven, but since this work presents a phe-

nomenological analysis, we hope that it may be of 

interest as the first attempt to simultaneously 

account for exchange pQCD corrections alongside 

two-photon corrections. Moreover, in [25], analyti-

cal behavior was obtained when analyzing TPE 

effects for ep-scattering. 

In this study, the pQCD predictions (1) are com-

pared with experimental data for the structure func-

tions, taking into account two-photon corrections 

according to parameterizations (2), (3), and without 

considering these corrections. 
 

  
a b 

Fig. 4. Optimal fits for the deuteron structure function ( )2 .A Q  The uncertainties on the data points are statistical and 

systematic uncertainties combined in quadrature. The data are taken from [6, 23, 24]. (See color Figure on the journal 

website.) 
 

Figs. 4 and 5 (solid thick line) show the 

comparison of the asymptotic “logarithmic” 

prediction of pQCD with the proposed para-

meterization of two-photon corrections against the 

experiment. For comparison, the same logarithmic 

pQCD prediction (1), but without accounting for 

two-photon corrections, is presented on the same 

graphs (see Figs. 4 and 5, dashed thin line). It has 

been found that the asymptotic logarithmic behavior 

predicted by pQCD slightly improves in the 

presence of two-photon corrections compared to 

without them (the chi-square value 
2

2 ph = 6.983 

(and 2 NDF  per number of degree of freedom  
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a b 

Fig. 5. Optimal fits for the deuteron structure function ( )2 ,B Q  designations as in Fig. 4. The uncertainties on the data 

points are statistical and systematic uncertainties combined in quadrature. The data are taken from [22], (See color 

Figure on the journal website.) 
 

(NDF): 0.537)3, considering two-photon contri-
butions is lower than the chi-square value 

2

1 ph = 104.873 ( 2 /NDF per number of degree of 

freedom: 6.169) obtained without considering these 
contributions). For the red solid line, the obtained 

value is 2

A = 4.695 (and 2

A NDF = 0.522 per 

degree of freedom); for the red dashed line, the 

obtained value is 2

A = 92.291 (and the corres-

ponding 2

A NDF = 8.390 per degree of freedom); 

for the blue solid line, the obtained value is 
2

B = 2.288 (and the corresponding 2

B NDF = 2.288 

per degree of freedom); for the blue dashed line, the 

obtained value is 2

B = 12.582 (and the corres-

ponding 2

B NDF = 4.194 per degree of freedom). 

The model uses the most reliable high-energy 
experimental points based on a critical analysis of 
known experimental data [6, 22 - 24]. The compa-
rison has been conducted for models with seven (out 
of which there are three common parameters, that is, 

five parameters for ( )2A Q  and five for ( )2B Q  se-

parately) and three independent fitting parameters, 
respectively, as well as with one common parameter, 

which we fixed in both cases with the value 5.fn =  

A sample of 20 points has been taken, and a fitting 

criterion 2  has been obtained. 

 
3 For comparison, we also attempted to fit the same set 

of experimental points with a simple four-parameter 

power-law model for structure functions ( )2A Q  and 

( )2 ,B Q  which resulted in a significantly worse descrip-

tion of the experiment (overall chi-squared = 40.46 and 

the corresponding chi-squared per degree of freedom 

= 2.53).  

It is interesting to compare these results with the 

results of other authors [6, 11 - 12, 20]. It’s 

important to note the key observation from [11] to 

justify the proposed basic model with logarithmic 

pQCD corrections. In the article [12], where anoma-

lous dimensions were not taken into account, the 

description of the data was less accurate. However, 

in the paper [12], a larger number of fitting parame-

ters were used, namely 13, compared to 10 in paper 

[11]. It can be argued that subsequent fittings also 

did not lead to significantly better results [5, 6]. 

Therefore, in our study, we used the parameteriza-

tion that takes into account the logarithmic correc-

tions of pQCD from [11] as the base, rather than the 

simple power-law parameterization from [12]. 

The asymptotic logarithmic behavior predicted 

by the pQCD has been found to improve slightly 

with two-photon corrections (b) compared to 

without them (a) (respectively, solid and dotted lines 

in Figs. 4 and 5).  

In the Figures, the solid line describes the experi-

mental data by using the QCD logarithmic 

corrections + QED two-photon corrections, while 

the dashed line describes the data by only using the 

QCD logarithmic corrections.  

The optimal fitted parameters for ( )2A Q   

are as follows: dotted line – N1 = 1.600∙10−1, 

N2 = 1.895∙10−2, N3 = 1.784∙10−2; solid line – 

N1 = 1.342∙10−1, N2 = 1.699∙10−2, N3 = −1.457∙10−2, 

Aa  = 1.565, Ab = 1.460. 

The optimal fitted parameters for ( )2B Q   

are as follows: dotted line – N1 = 1.600∙10−1, 

N2 = 1.895∙10−2, N3 = 1.784∙10−2; solid line – 

N1 = 1.342∙10−1, N2 = 1.699∙10−2, N3 = −1.457∙10−2, 

Ba  = 440.837, Bb = 2.999.  
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From a physical standpoint, we restricted the 

values of the parameters ,Ab  and Bb  to be less than 3. 
 

4. Summary 
 

Based on the analysis of the results from the 

papers [1 - 7, 9, 11, 12, 15 - 19, 21, 25], dedicated to 

studying the influence of two-photon contributions 

and logarithmic corrections in elastic electron-

deuteron scattering, the following conclusions can 

be drawn: 

1. The analysis of these papers allows us to con-

clude that both effects are important in studying the 

interaction of electrons and deuterons. Logarithmic 

QCD corrections, as another key aspect of the study, 

have shown their unique impact on examining the 

internal structure of the deuteron. Two-photon QED 

effects, arising from the interaction between elec-

trons and deuterons, largely due to their interfering 

nature, demonstrate the importance of considering 

them to achieve high precision in describing experi-

mental data. 

2. Neither effect considered individually is suffi-

cient to satisfactorily describe the existing experi-

mental data. 

Based on the conducted analysis, we have pro-

posed a phenomenological model to account for both 

effects simultaneously (QCD logarithmic corrections 

+ QED two-photon corrections) (Eqs. (2) and (3)). 

Our study shows that logarithmic corrections are 

more significant than two-photon effects, due to a 

smaller number of parameters (three independent 

fitting parameters compared to seven parameters in 

the complex model). However, they substantially 

improve the fitting criterion only when combined 

with two-photon corrections (see Figs. 4 and 5). 

The results of our comparison with experimental 

data highlight the importance of simultaneously 

accounting for two-photon effects and logarithmic 

corrections in the electron-deuteron interaction pro-

cess, indicating the need to improve theoretical 

models to ensure consistency with experimental 

observations. They also point to the direction for 

further research in this area, namely carrying out 

experiments with larger statistics and expanding 

theoretical approaches to comprehensively account 

for all defining physical phenomena in elastic elec-

tron-deuteron scattering. 
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ДОСЛІДЖЕННЯ ВНУТРІШНЬОЇ СТРУКТУРИ ДЕЙТРОНА НА ФОНІ 

ДВОФОТОННИХ ВНЕСКІВ У ПРУЖНОМУ РОЗСІЯННІ ЕЛЕКТРОНІВ НА ДЕЙТРОНІ 
 

Метою цієї роботи є дослідження одночасного впливу двофотонних ефектів у квантовій електродинаміці і 

логарифмічних поправок у квантовій хромодинаміці на структурні функції ( )2A Q  і ( )2B Q  пружного розсіяння 

електронів на дейтроні. Аналіз цих ефектів розширить розуміння фізики взаємодії електронів та ядер, зокрема 

проявів кварк-глюонних ступенів свободи в дейтроні. 

Ключові слова: квантова електродинаміка, збурення квантової хромодинаміки, пружне електрон-дейтронне 

розсіяння, структурні функції дейтрона, двофотонний обмін, порівняння теорії з даними, структура дейтрона. 
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