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ISOSCALAR GIANT QUADRUPOLE RESONANCE
OF EVEN-EVEN 11250 |SOTOPES USING BCS-QRPA

Using self-consistent Bardeen - Cooper - Schriffer + Hartree - Fock and quasiparticle random phase approximation,
the isoscalar giant quadrupole resonance in the isotopes of 112114116.118.120.122.124gy has peen studied in this work. Five
sets of Skyrme-type interactions of different values of the nuclear matter incompressibility coefficient Kym and effective
mass m“/m are used in the calculations. Additionally, the impact of different types of pairing forces (i.e., volume,
surface, and mixed) is examined. Comparisons are made between the computed strength distributions, centroid energies
Ecen, scaled energies Es, and constrained energies Econ Of the isoscalar giant quadrupole resonance and the available
experimental data. Analysis is done on the relationships between Knw and m*/m, and the estimated properties.

Keywords: strength distribution, Skyrme force, Hartree - Fock + Bardeen - Cooper - Schrieffer, quasiparticle random

phase approximation.
1. Introduction

Since our understanding of nuclear structure is
still incomplete and unsatisfactory, theoretical and
experimental studies were conducted to provide a
method that could be used universally and accurately
to explain nuclear structure. A many-body problem
exists in the theoretical nuclear structure. It is
impossible to compute the complete model space
since the quantum many-body problem is a
computational problem for which there is not yet a
fully suitable answer. The self-consistent mean-field
models is suitable to describe the nuclear structure
[1, 2].

Inelastic electron and proton scattering research
in the 1970s led to the discovery of the isoscalar
giant quadrupole resonance (ISGQR) [3 - 5]. For an
experimental review, we refer to [6]. Like the low-
energy peak that appears in the isoscalar dipole
response of neutron-rich nuclei [7], the low-lying
guadrupole excitations rely on the number of
particles outside closed shells [8]. The high-energy
modes are expected to vary smoothly with the mass
number A. In the case of the ISGQR, the excitation
energy can be estimated to be proportional to the
shell energy [9]. The comparison of microscopic
self-consistent calculations with experiments on the
ISGQR has provided valuable information on the
value of effective mass m” [10], one of the most
important quantities that characterize nucleons
embedded in the nuclear medium [11].

Microscopic models built on the self-consistent
Hartree - Fock (HF) and Random Phase Approxima-
tion (RPA) are suitable for representing collective
modes like ISGQR for closed-shell and closed
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sub-shell nuclei, where the HF theory has already
been shown to be an effective method for describing
the characteristics of ground states [12]. The result
of nuclear pairing is essential in open-shell nuclei.
HF + Bardeen - Cooper - Schriffer (HF+BCS) is a
straightforward explanation for the ground-state
pairing. Based on the HF+BCS model, the Qua-
siparticle Random Phase Approximation (QRPA) is
an improved RPA model that takes into account the
pairing effect, which is thought to be important for
open-shell nuclei. This enables us to examine the
entire nuclear chart's nuclear structure. Also, there
are relativistic approaches like Relativistic Continu-
um Random Phase Approximation (RCRPA) [13]
and Relativistic Quasi Particle Random Phase
Approximation (RQRPA) [14].

Understanding the structure of nuclei and predic-
ting the exotic properties of nuclei far from stability
valley can both be done by studying the nuclear
collective excitations. For modeling these collective
excitations in open-shell nuclei with stable mean-
field solutions, the QRPA is a widely used technique
[15, 16]. The nuclear compressional modes, in par-
ticular the ISGQR, which provide the best method
for determining nuclear incompressibility, are signi-
ficant nuclear collective excitations [17, 18]. Nucle-
ar collective excitations and nuclear incompressibi-
lity have lately been studied using both nonrelati-
vistic RPA [19 - 22] and relativistic RPA or QRPA
[13, 23].

Inelastic scattering of deuterons or alpha particles
to modest forward angles is the main experimental
technique for investigating the ISGQR. The methods
created and put into use in the Research Center for
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Nuclear Physics (RCNP) at Osaka University, Texas
A&M University Cyclotron Institute, and Kernfy-
sisch Versneller Instituut (KVI) in Groningen have
made it possible to gather in-depth data on the
ISGQR gross structure in a range of nuclear systems,
see review [24].

In this study, the HF + Bardeen - Cooper -
Schrieffer (HF+BCS) theory and the Skyrme QRPA
method are used to explore the ISGQR of the Tin
isotopes  112114116.118.120122124gy - The results are
compared with the known experimental data [25 -
27]. The calculations used five different Skyrme
parameter sets: T5 [28], SKM [29], SLY4 [30], SGlII
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the spin-exchange operator, the total energy E of HF
equations based on Skyrme’s interaction as a result
of single-particle functions ¢ can be calculated

using the variational approach 5(p|H |(p 0. The

HF equations are coupled to the standard BCS
equations, that in spherical symmetry the particle
number n and gap equation A, read as
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where the tilde designates the time-reversal state,
and E and v are the typical quasi-particle energies
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[31], and SKX [32]. The used Skyrme interactions
exhibit a range of nuclear matter incompressibility
Knwv and effective mass m’/m. Additionally, we
examine the effects of volume, surface, and mixed
pairing interactions on the ISGQR characteristics of
Sn isotopes.

2. Theoretical formulations

The nuclear properties of both ground states and
excited states can be described by the Skyrme
effective interaction (of parameters ty, t, t,, t;,

Xo» X1, X5, X3, Woand o) [33 - 37]
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and BCS amplitudes, respectively. The matrix
elements V_, . are calculated using a zero-range,
density-dependent pairing force of the type,
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where the nuclear saturation density p, =0.16 fm™

For the volume, mixed, or surface pairing inter-
actions, the value of n is regarded as 0, 0.5, or 1,

respectively. Table 1 contains the values of Vq that
we have determined by fitting the experimental data
of the mean neutron gap of *Sn (A, = 1.321 MeV).
Due to the closed proton shells associated with
Z =50 in these nuclei, there is only neutron pairing.

Table 1. Our obtained pairing strength Vo to reproduce the empirical pairing gaps of 1°Sn
(An = 1.321 MeV) for various types (volume, surface, and mixed) of pairing interactions defined in Eq. (3)

Pairing strength Vo, MeV-fim®

Isotope Skyrme-Type Volume Surface Mixed
T5 227 689 343
SKM 2315 741.5 355
12gn SLY4 269 792 404
SGlI 304 899 456
SKX 200.5 731 315
T5 237.5 716 358

SKM 226.5 728 347.5
14g8n SLY4 272 799 407
SGlI 316.5 945 476

SKX 201.3 733.5 3175
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Continuation of Table 1

Pairing strength Vo, MeV-fm?
Isotope Skyrme-Type Volume Surface Mixed
T5 250 751.5 376.5
SKM 224 725 344
1165 SLY4 277 815.5 4145
SGlI 3155 932.5 473.5
SKX 201.5 738.5 3175
T5 259.5 775.5 390.5
SKM 225 733 345
1185 SLY4 282 832.5 423.5
SGlI 308.5 907.5 462
SKX 200 736 316
T5 273 807 412
SKM 228 750.5 351.5
120G SLY4 286.5 855 430.5
SGlII 305 897 456
SKX 203 750 320
T5 274.5 823 4135
SKM 234 782.5 362
122G SLY4 290.5 874 438.5
SGlI 303.5 898 456
SKX 207 770 328
T5 276 816 415
SKM 245 830 381
1245 SLY4 298.5 908 451
SGlI 293 861.5 439.5
SKX 2154 809 340.8

The total HF+BCS energy can be calculated
directly from the force or energy functional

E= EKE + ESkyrme + ECoul +E (4)

Pair 1

where  Eye, Egymes Ecou, and Epy are the

Kinetic, Skyrme, Coulomb, and Pair contributions to
the energy, respectively.

First, a solution is found for the Skyrme
HF+BCS equation for the ground state in coordinate
space. The radial mesh used to solve the equations
has a coverage area of up to 18 fm and a mesh size
of 0.1 fm. This radial mesh is sufficiently large to
generate stable results for all the nuclei under
investigation.

To describe collective excitations in magic
nuclei, the so-called RPA with stable mean-field

solutions is typically used. The QRPA’s expansion
to open-shell nuclei comprises both the particle-
particle and particle-hole channels. The Skyrme
HF+BCS equations must be solved in order to
acquire the ground state characteristics, which is the
first step in solving the self-consistent QRPA. Based
on the HF+BCS ground state, the v -th excited state

E, can be calculated within the QRPA model. The

compact form of QRPA equations can be written as
follows [38, 39]:

[Aabf“ P J(desz:(xfb}. (5)
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where XV and YV are the corresponding ampli-
tudes. The matrices A and B on the HF+BCS two-
quasiparticle bases have the form

1 1
2

Apcs =(1+8,) 2(1+8,4) 2 x

X[ (Eq +Ep ) 86804 + (UaUpUicUy +V,V,VeVy )G (abed; J) + (U VU, Vy +VaUpVeUy ) F (abed;d) -

— (=) (UpVpVely +V,UyU,v, ) F (abdc; d )}

(6)

28 ISSN 1818-331X NUCLEAR PHYSICS AND ATOMIC ENERGY 2024 Vol. 25 No. 1



ISOSCALAR GIANT QUADRUPOLE RESONANCE
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MaM, MMy

VP, and V), are matrix elements of particle-

particle (pp) and particle-hole (ph) effective
interaction, respectively. The ph matrix elements

Vo' is defined as [19]
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The moments can be obtained using the following
equation:

m, =[E“S(E)dE, (11)

where S(E) is the strength function [17]
A 2
S(E)=Y [(vIF,0) p-(E-E,)  (12)
associated with the monopole operator where the

Lorentzian function is defined as in the following
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with T is the smearing parameter.
Three ratios can be calculated using these

(13)

different sum rules: The centroid energy,
Eeen =My /My, the constrained energy
Een =M /M, and the scaling energy

Esz./mslml, where m; is the energy-weighted
sum rule (EWSR), m_; is the inverse energy-

(7)

weighted sum rule, and ms is the cubic energy-
weighted sum rule [40].

3. Results and discussion

In Fig. 1, the calculated ISGQR strength distribu-
tions of 121141161181201221245 jsotopes are investi-
gated by a modified version of the skyrme-rpa code
[19] and compared with the available experimental
data of Refs. [25, 26] (black error bars). The results
were obtained with the five Skyrme sets: T5, SKM,
SLY4, SGII, and SKX (the nuclear matter incom-
pressibility coefficient Knw and effective mass m"/m
of the studied Skyrme interactors are presented in
Table 2) as a result of surface pairing, mixed pairing,
and volume pairing forces (light green line, red line,
and dark green line, respectively). We noted that
surface pairing produces outcomes that are basically
more in line with the experimental data. While the
difference is fairly tiny, the peak energies predicted
by the volume and mixed pairing are substantially
lower.

The five Skyrme interactions result in a single
peak roughly at 13 MeV. The link between inter-
action and peak energy is fundamentally different.
The SKM and SLY4 results are in the center, fol-
lowed by the SGII result, which is found at the
maximum energy according to the corresponding
incompressibility values, and SKX is remarkably
similar to the experimental data. The T5 result is the
lowest.

Table 3 displays the computed ISGQR centroid
energy Ecen, restricted energy Econ, and scaling ener-
gy Es for five sets of Skyrme parameters using the
mixed pairing interaction. The experimental data
was collected from Ref. [27]. The differences
between theoretical values and experimental data are
shown by the values in parentheses. The experi-
mental data were overestimated by the SKM, SLY4,
and SGII interactions while being underestimated by
the T5 results. However, the SKX type is closer to
the experimental data.

Fig. 2 depicts our calculated ISGQR centroid
energy Ecen, constrained energy Econ, and scaling
energy Es with the experimental data [27] for the
investigated Sn isotopes using different forces (T5,
SKM, SLY4, SGII, and SKX) and pairing types
(volume, surface, and mixed). The predicted
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centroid energies generated by the SGII interaction
do not match the experimental results. Furthermore,
SKM and SLY4 predictions are noticeably more
accurate. The SKX interaction, in contrast, closely

resembles the experimental results, whereas the T5
results underestimated it even after pairing effects
were considered.
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Fig. 1. The available experimental data [25, 26] for the examined Sn isotopes are compared with our calculated ISGQR
strength distribution S (fm*%/MeV). The Skyrme forces T5, SKM, SLY4, SGII, and SKX are employed for the three
different pairing types (volume, surface, and mixed). (See color Figure on the journal website.)

Table 2. The nuclear matter incompressibility
coefficient Knm and effective mass m*/m
of the following Skyrme-type interaction

Force Knm, MeV m*/m
T5 201.7 1
SKM 216.7 0.79
SLY4 229.9 0.69
SGIlI 269 0.79
SKX 270 0.99

With the exception of *2Sn, the peak energies for
the examined isotopes of Sn are better with the

30

interaction SKX, which closely fits all of the
energies defined in the text related to the
experiment. The interaction T5 undervalues all of
the energies defined in the text relative to the
experiment, compared to SGII, which overvalues all
of the energies.

As a result, there is still some mystery
surrounding the difference between the values of the
nuclear matter properties obtained from the Sn data.
However, pairing effects must be taken into account
to lessen the difference between the values of the
nuclear matter properties extracted from Sn data.
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Table 3. The calculated Ecen, Econ, and Es for ISGQR in the investigated Sn isotopes by combining
the mixed pairing interaction with the parameter sets for T5, SKM, SLY4, SGII, and SKX

Exp. | T5 | SKM | SLY4 | SGlI | SKX
Isotope VTSY,
125n 13.4+0.1 12.08 (1.32) 13.66 (—0.26) 14.01 (-0.61) 14.98 (-1.58) 12.60 (0.8)
1145 13.2+0.1 12.21 (0.99) 13.90 (-0.7) 14.34 (-1.14) 15.66 (~2.46) 13.14 (0.06)
1165 13.1+0.1 12.12 (0.98) 13.79 (-0.69) 14.36 (—1.26) 15.33 (-2.23) 13.06 (0.04)
1183 13.1+0.1 12.00 (1.1) 13.69 (-0.59) 14.24 (-1.14) 15.45 (—2.35) 12.98 (0.12)
1205 12.9+0.1 11.91 (0.99) 13.60 (-0.7) 14.17 (-1.27) 15.36 (—2.46) 12.90 (0)
1225 12.8+0.1 11.82 (0.98) 13.49 (-0.69) 14.11 (-1.31) 15.26 (—2.46) 12.81 (-0.01)
1245n 12.6 £ 0.1 11.88 (0.72) 13.42 (-0.82) 14.15 (-1.55) 15.26 (—2.66) 12.70 (-0.1)
Econ, MeV
125n 13.4+0.1 12.03 (1.37) 13.61 (-0.21) 13.89 (-0.49) 14.89 (-1.49) 12.56 (0.84)
113 13.2+0.1 12.16 (1.04) 13.81 (-0.61) 14.23 (-1.03) 15.55 (—2.35) 13.10 (0.1)
1165 13.1+0.1 12.08 (1.02) 13.71 (-0.61) 14.28 (-1.18) 15.15 (—2.05) 13.03 (0.07)
1183 13.1+0.1 11.96 (1.14) 13.61 (-0.51) 14.16 (-1.06) 15.37 (=2.27) 12.94 (0.16)
1205 12.9+0.1 11.87 (1.03) 13.52 (-0.62) 14.09 (-1.19) 15.27 (—2.37) 12.86 (0.04)
1225 12.8+0.1 11.75 (1.05) 13.39 (-0.59) 14.02 (-1.22) 15.16 (=2.36) 12.78 (0.02)
1245 12.6 £ 0.1 11.84 (0.76) 13.31 (-0.71) 14.08 (-1.48) 15.18 (—2.58) 12.64 (-0.04)
Es, MeV

125n 13.4+0.1 12.49 (0.91) 14.10 (-0.7) 14.53 (-1.13) 15.52 (—2.12) 13.11 (0.29)
1145 13.2+0.1 12.44 (0.76) 14.20 (-1) 14.71 (-1.51) 16.03 (—2.83) 13.23 (-0.03)
1165 13.1+0.1 12.34 (0.76) 14.10 (-1) 14.63 (-1.53) 15.85 (—2.75) 13.14 (-0.04)
1183 13.1+0.1 12.23 (0.87) 14.01 (-0.91) 14.54 (-1.44) 15.78 (—2.68) 13.07 (0.03)
1205 12.9+0.1 12.16 (0.74) 13.94 (-1.04) 14.47 (-1.57) 15.70 (-2.8) 12.99 (-0.09)
125 12.8+0.1 12.10 (0.7) 13.87 (-1.07) 14.43 (-1.63) 15.62 (—2.82) 12.92 (-0.12)
245N 12.6 £ 0.1 12.13 (0.47) 13.81 (-1.21) 14.44 (-1.84) 15.61 (-3.01) 12.87 (-0.27)

N o t e. The experimental information was collected from Ref. [27]. The difference between theoretical values and
experimental data is shown by the quantities in parentheses.
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Fig. 2. Our calculated ISGQR centroid energy Ecen, constrained energy Econ, and scaling energy Es are compared with
the experimental data [27] for the investigated Sn isotopes. Different pairing types (volume, surface, and mixed) are
applied using the forces T5, SKM, SLY4, SGII, and SKX. (See color Figure on the journal website.)
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Figs. 3 and 4 illustrate the calculated and mea-
sured data [27] of ISGQR centroid energy Ecen, cON-
strained energy Econ, and scaling energy Es versus
nuclear incompressibility constant Knv and effective
mass m’/m,
112114,116.118.120122.124g 3 jsotopes. The forces T5, SKM,
SLY4, SGII, and SKX are adopted along Knym and
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m’/m for various types of pairing (volume, surface,

It is clear from Fig. 3 that there is a strong
correlation between the calculated energies (Ecen,
Econ, and Es) and the nuclear incompressibility
constant Kywm, but there is an effect of the effective
mass m’/m as shown in Fig. 4.
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Fig. 3. The calculated ISGQR centroid energy Ecen, constrained energy Econ, and scaling energy Es versus nuclear
incompressibility constant Knm are compared with the experimental data [27] for the investigated Sn isotopes. The
forces T5, SKM, SLY4, SGII, and SKX are adopted along Knm for various types of pairing (volume, surface, and
mixed). (See color Figure on the journal website.)
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Fig. 4. The calculated ISGQR centroid energy Ecen, constrained energy Econ, and scaling energy Es versus nuclear matter
effective mass m*/m are compared with the experimental data [27] for the investigated Sn isotopes. The forces T5,
SKM, SLY4, SGII, and SKX are adopted along Knwm for various types of pairing (volume, surface, and mixed). (See

color Figure on the journal website.)

Our results using the T5 and SKX types were
lower than the experimental data, these types have
high m"/m values close to 1 and 0.99, respectively,
noting that the T5 type has the lowest value of
Kmn = 201.7 MeV and the SKX type has the highest
value Kun =270 MeV. While results using the
SKM, SLY4, and SGII types were higher than the
experimental data, these types have Kun values
216.7, 229, and 269 MeV, respectively, noting that

the SLY4 type has m*/m = 0.69 and the types SKM
and SGII have the same effective mass m“/m = 0.79.

4. Conclusions

The ISGQR in even-even 2'%Sn isotopes is
investigated using self-consistent Skyrme HF + BCS,
and QRPA. The calculations in this work make use
of five different Skyrme parameter sets: T5, SKM,
SLY4, SGII, and SKX; they were picked because

ISSN 1818-331X SAJAEPHA ®I3UKA TA EHEPTETHUKA 2024 T.25 Ne 1 33



A.H. TAQI, W. A. MANSOUR

they have various values of nuclear incompressibi-
lity Knm and effective mass m’/m. Three pairing
interactions the so-called volume, surface, and
mixed pairing forces are the ones we pick to exa-
mine the function of pairing correlations. The avai-
lable experimental data are compared to the scaling
energy Es, restricted energy Econ, and centroid energy
Ecen Of the ISGQR. The current investigation reveals
a strong correlation between the calculated energies
(Ecen, Econ, and Es) and the nuclear incompressibility
constant Kywm, but there is an effect of the effective
mass m’/m. The Skyrme-types T5 and SKX of m"/m
values 1 and 0.99 and Kwun values 201.7 and
270 MeV, respectively have significantly underesti-

mated the data. While results using the SKM, SLY4,
and SGII of Kun values 216.7, 229, and 269 MeV,
respectively, noting that the SLY4 type has
m’"/m = 0.69 and the types SKM and SGII have the
same effective mass m’/m = 0.79. A better descrip-
tion of the ISGQR is obtained by using the force
SKX parameter (with associated incompressibility of
Kmn =270 MeV and m/m =0.99) is closer to the
experimental data. As well as we concluded that the
gap between the nuclear incompressibility values
obtained from the Sn data is reduced with the use of
pairing, and the surface pairing generates results that
are essentially closer to the experimental data.
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I30CKAJISIPHUM TT'AHTChKUI KBAJIPYIIOJIbHUAM PE3OHAHC ITAPHO-ITAPHUX 130TOIIIB
112-1245p 3 BAKOPUCTAHHSIM METOJ1Y BCS-QRPA

V wiii po6oTi GyJ10 BUBYEHO i30CKATAPHUM TiraHTCHKMM KBaApyNOJbHHUI pe3oHaHc izororip 112114.116,118120122.124Gp

i3 3aCTOCYBaHHSM caMOy3ro/pkeHoro mMerony bapaina - Kymepa - llpiddepa + Xaptpi - Poka Ta KBa3i4aCTHUHKOBOTO
HaOJIVMKEHHsT BUMAAKOBUX (ha3. Y po3paxyHKax BHKOPHCTaHO IIsITh HaOopiB B3aeMoniil Tumy Ckipma 3 pi3HUMHA
3HAYEHHAMHU KoedillieHTa HecTHCIMBOCTI siaepHoi pedoBuHn Knvw Ta edextuBHOi Macu m*/m. Kpim Toro,
JOCIIIKYEThCS BIUTMB Pi3HUX THITIB CHJI CIIApIOBaHHSA (00’ €MHUX, MIOBEPXHEBHX 1 3MimaHuX). [IpoBeeHO MOPiBHAHHS
MDK OOYMCIICHHNMH CHJIOBUMH DPO3MNOJUIAMH, €HeprisMHu LeHTpoina Ecen, MacmraboBanmmm eneprisimu Es i
00OMEXyBaJIbHUMH €HEprisiMH Econ 130CKaIPHOTO TIraHTCHKOTO KBAAPYIOJIHHOTO PE30HAHCY Ta IOCTYITHUMH
eKCIIepUMEHTATIBHIUMH JaHuMHE. [IpoBeeHo aHaii3 38°s3kiB Mixk Ky i M*/M 3 orliHeHUMH BIACTHBOCTSIMH.

Kniouosi cnosa: cunosuii posnogin, cuiau Ckipma, Xaptpi - ok + bapain - Kynep - Hlpiddep, kBazivacTHHKOBE
HaOJIYDKECHHS BUTIAAKOBUX (ha3.
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