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ALFVEN INSTABILITIES CAUSED BY CIRCULATING ENERGETIC IONS
IN OPTIMIZED STELLARATORS
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The work investigates instabilities of Alfvén eigenmodes that can be driven by circulating energetic
ions in optimized stellarators of Wendelstein line (Helias). It is shown for the first time that several sideband
resonances rather than the only one associated with toroidicity (and known from a theory relevant to
tokamaks) may essentially contribute to the instability growth rate. New resonances enhance the instabilities
and, moreover, they may result in instabilities in those cases when the conventional resonance is not
efficient. Destabilization of the toroidicity-induced Alfvén eigenmodes and the eigenmodes existing due to
both specific plasma shaping and Fourier harmonics of the magnetic field of a Helias is considered.

1. INTRODUCTION

Experiments on stellarators, in particular, on Wendelstein 7-AS, have demonstrated
that neutral beam injection can lead to Alfvén instabilities and concomitant losses of
energetic ions [1]. One can expect that similar instabilities driven by alpha particles
may arise in a fusion reactor. On the other hand, analysis of Alfvén instabilities observed
experimentally on stellarators is often relied on a theory developed for tokamaks. However,
it is clear that because of the variety of recently discovered Alfvén eigenmodes [2-4] such an
approach may be not justified to interprete the experimental data, and it cannot be used
for a reliable prediction of the role of Alfvén instabilities in Wendelstein 7-X and a Helias
reactor [5,6]. Moreover, as we will show in this work, wave-particle resonant interaction in
stellarators has a number of peculiarities, so that description of even well-known instability
of Global Alfvén Eigenmodes (GAE) may require a non-standard analysis.

In the present work we study the destabilization of various Alfvén eigenmodes by
circulating energetic ions in optimized stellarators. Namely, we consider destabiliza-
tion of Mirror-induced Alfvén Eigenmodes (MAEs), Helicity-induced Alfvén Eigenmodes
(HAE;;, HAE,; and HAE,,, where the first and second subscipts denote the poloidal and
toroidal mode coupling numbers, respectively [2,3]), Ellipticity-induced Alfvén Eigen-
modes (EAE), Toroidicity-induced Alfvén Eigenmodes (TAE), and GAEs.

2. RESONANCES

Physical mechanism responsible for the destabilization of Alfvén eigenmodes by ener-
getic ions is the resonance wave-particle interaction. In order to find the corresponding
resonances in an arbitrary toroidal system we proceed from the following expression de-
scribing the energy exchange between a particle and a wave in the guiding center approx-
imation:

: ~ ~ 0B
£=e(B)+vp-Ei)+ o, (1)

where € is the particle energy, u, is the particle magnetic moment, vp is the drift velocity
caused by the curvature and inhomogeneity of the magnetic field, E is the wave electric
field, B is the wave magnetic field, the subscripts” L” and ”||” label the vector components
across and along the magnetic field, respectively. The field E’” is small for Alfvén pertura-
bations. Therefore, when the ion energy is sufficiently high, a term proportional to the

drift velocity dominates for well circulating particles, i.e., 9 /0t ~ evp,E, ~ (8B,/ O E,,
where By is the equilibrium magnetic field, r = r(¢)) with 9 the toroidal magnetic flux
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and 9 are the radial and poloidal coordinates, respectively (we use the flux coordinates
1,9, [7,8]). Let us take a perturbation in a form

X =Y Xpnn(r) exp(imd — ing — iwt), (2)

mn

where m and n are the poloidal and toroidal wavenumbers, respectively, and expand By
in a Fourier series:

By = B[1 + Ep,,,e(‘“’) cos(u — vNy)], (3)

where ¢*) are the Fourier harmonics, N is the number of the field periods. Then using
Eq. (3) and the equations J = wy, Y = w,, where wy ~ const and w,, =~ const are the
frequencies of the particle poloidal and toroidal motion, respectively, (wy = w, with ¢
the rotational transform) we obtain:

E ~ pummi€ " pezp{—ilw — (m + ju)ws + (n + jvN)wy|t}, (4)

where j = 1, —1. It follows from Eq. (4) that an energetic ion can transfer a considerable
part of its energy for At > maz{w, ", wy '} when the following resonance occurs:

w = (m+ ji)ws + (n + jvN)w, = 0. (5)

In the case of tokamaks, 4 = 1, v = 0, therefore, the only possible resonance is w =
(ky + jeR™1)vy), where kj = (me —n)/Ro, Ry the large radius of the torus. The situation
changes when the magnetic configuration is not axisymmetric. Then there are many
resonances coresponding to various Fourier harmonics of the magnetic field strength. In
particular, the mirror harmonic (z = 0,v = 1), the helical harmonic (x = 1,v = 1), the
diamagnetic harmonic (u = v = 0), and the toroidal harmonic x4 = 1, = 0 are dominant
in the Helias configurations.

This simple analysis indicates that new important resonances through which the ener-
getic ions may drive Alfvén instabilities in stellarators may appear because of the absence
of the axial symmetry. Straightforward calculations of the instability growth rate are
required to find which resonances are really important.

3. INSTABILITIES IN THE HELIAS CONFIGURATIONS

The longitudinal components of the electric field and the magnetic field of Alfvén
perturbations are small. Therefore, we may take A 1 =0, where A is the vector potential
of the electromagnetic field. Then E = —V® with & the scalar electric potential, and the
growth rate of the instability can be expressed in terms of ®. We find:

g == 2_7" Re Zm,n f dsl‘jﬂx_m,n ’ qu):n,n (6)
@ S f Bzvz? (@1, + (m2/r2) | B al2]

where j7,,, is the resonance current of the energetic particles, V®,, , = @/, e'+im®,, ,e?—
in®mne’, e = Vr, e = V¥, e® = Vg are the basis vectors, @/, , = 8q>m,n /0r, vy is the
Alfvén velocity. In order to find the j2, in Eq. (6), we write jo = € [ (v + vp) Fres:

Here, the perturbed resonance part of the distribution function, f,.s;, obtained from the
linearized kinetic equation, can be written as follows:

Fooo %n fo /O = @t v (r) - V(M) s (7)
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where
1 d cn o
iy ; PO Wi .o
M 0E " ewdl’
fo = fo(€E, pp, J) with J = ¢, — v B3/wp the canonical angular momentum, %, is the
poloidal magnetic flux, B; is a covariant component of B. When obtaining Eq. (7)
we used the fact (which can be easily seen) that J of the well circulating particles is

approximately conserved even in the absence of the axial symmetry. Let us expand vp
into a Fourier series,

(8)

Vp=)_ Uy (r)ePPHE¥, 9)
p,s

where p and s are integers. Substituting this expression into Eq. (7), and then calculating
j2.,., we obtain from Eq. (6): v

277282 Zm,n f drr f d3’U I'AIfO Ep,s Iups i v(I)m,n|2 5(917)7‘1511)
M fdr 132 (| + (m2/72) 1@l

Yo = (10)

where QP8 = w — (p + m)wy — (5 — N)w,.
The obtained expressions for + are applicable to any stellarators. We use them for the
Helias configarations, in which case

2
[v|? + vﬁ)
s ° V@m 2 = ._.—_——-————(
o, g #20 1672w
2
[pe®,, | — meY Dy | (8- + O-pud—s, )
m2,U4 6,2
N 47'2:?30 @l Gp0s0: (11)

It follows from Eq. (11) that the summation over p, s in Eq. (10) is essentially the sum-
mation over u,v, which labels Fourier harmonics of the magnetic field strength. This
implies that the growth rate contains the resonance condition given by Eq. (5), which was
obtained from the energy consideration.

In order to demonstrate new physics coming from the violation of the axial simmetry
we restrict the analysis below with the case of the well-localized modes with the frequency
w = |kylva. Then Eq. (10) yields:

WZMan* (w)2|,,r 3 r 2 21273
Yo = g Faa 2| il [ dud(oy = ef)(lof? + oS )

v,j

where j = %1, v = 0,1, vj is the longitudinal resonance velocity, vas = va(rs), T« is the
mode location radius. We observe that two Fourier harmonics of the magnetic field, 0

and €1, contribute to y,. The resonance velocity equals to

Ly — VN

pu — Nv)n ”)’”’)ﬁl, 13)

-1
Sgnk y d = * 1+ ~
) gnr) an ’UH VA ( ZmSLLle

F=vg |14 2j————
Y UA(-*—],UOL*——VON

for the gap modes and GAEs, respectively. Here ¢, = (2n + voN )/ (2m + po), po and v
are the mode coupling numbers, § is the magnetic shear, L, = —0dp/0r with p the plasma
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mass density, the subscript [ denotes the magnitudes at the radius around which GAEs
are localized. The resonance velocities for the various gap modes in a Helias reactor [6]
are shown in Fig. 1.

Let us analyze the destabilization of Alfvén eigenmodes by the energetic ions with the
distribution function formed by Coulomb collisions,

falig (14

where n(z) = [° dyd(y), ve = /2E,/M; with €, ~ (M;/M.)Y*T, T the plasma temper-

ature. One can see that the second term in II of Eq. (12) associated with the spatial
inhomogeneity overrides the first term when wy > w§ = 1.5w [wg = —cn&y/(eaBirLy,),
L;' = dlnn,/dr, n, is the density of the energetic ions], which is essentially a necessary
condition of the instability. In order to calculate the magnitude of the istability growth
rate we have to specify the parameters of the system. We consider a Helias reactor with
parameters given in Ref. [6]. The results of calculations of instabilities of various gap
modes and GAEs are summarized in Tables I-II. We conclude from Tables I-II that (i)
the helicity-induced resonance strongly enhances Alfvén instabilities except for TAE and
HAEj, ones; but its effect on (wg/w). is weak. (ii) MAE and TAE instabilities have
largest growth rates; (iii) GAE instability can have a very large growth rate.

4. SUMMARY AND CONCLUSIONS

We have shown for the first time that because of the presence of several main Fourier
harmonics of the magnetic field strength, several sideband resonances may essentially
contribute to the instability growth rate. In particular, it is found that the resonance
w = [ky%(t—N)/Ro]v) associated with the helicity-induced drift motion plays a dominant
role in the destabilization of the localized MAE and HAE;; modes by a-particles in
a Helias reactor. On the other hand, new resonances have a minor influence on the
well-localized TAEs in a Helias reactor because the corresponding resonance curves are
situated well below the curve associated with the toroidicity. Note that in the optimized

stellarators the dominant Fourier harmonic of the magnetic field, €Y, weakly affects the
stability because only its derivative, which is small, contributes to ~,. Non-conventional
resonances play an important role for both gap modes and GAE modes, which is seen
from Tables I-II.

An important practical consequence of the found new resonances is that the tangential
neutral beam injection (NBI) can destabilize TAE modes not only when v, > vy4 or v, >
va/3, where v is the velocity of injected particles, (which is the case in tokamaks) but also
for lower beam velocities (energies), e.g., for v, > v4|2N/.—1)|~! or v, > v4|2N/e — 3)|!
due to the helicity-induced resonance. On the other hand, other instabilities can be caused
by particles with v, > v4 or vy < v4/3.

In conclusion, we note that although our analysis is relevant mainly to optimized
stellarators, the drawn conclusion on the role of non-conventional resonances is valid also
for other systems, e.g., for the partly optimized stellarator Wendelstein 7-AS (WT-AS).
Furthermore, one can expect that in W7-AS the role of the non-conventional resonances
is even larger because the Fourier spectrum of the magnetic field strength contains more
harmonics.
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FIG. 1. Resonance velocity v, = lvﬁl /(1—X)'/2 versus the pitch-angle parameter A = u,B/E
in a 4-period Helias reactor [6] for several kinds of Alfvén eigenmodes.
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TABLES
TABLE I. Characteristics of a-induced Alfvén instabilities for given n in a Helias reactor
Mode w/(27r), kHz n 'YaRO/('UA*,Ba) '70:/72 'Ya/(wﬁa) ’Ya/ﬁaa kHz
HAFE5 112 -11/-16 0.050/0.078 1.074/1.073  0.016/0.025 1.8/2.8
MAFE 72 -9/-15 0.546/0.976 4.368/4.370  0.273/0.489 19.7/35.2
HAF 56 -6/-13 0.334/0.819 2.089/2.100 0.215/0.527 12.0/29.5
HAF5; 40 -9/-14 0.064/0.103 4.833/4.721  0.058/0.093 23/8.7
FEAFE 32 -7/-13 0.020/0.040 2.150/2.180  0.023/0.046 0.7/1.5
TAFE 16 -4/-10 0.442/1.166 1.000/1.000 0.993/2.621 15.9/41.9
TABLE II. Characteristics of the GAE instability in a Helias reactor

ri/a w/(2n),kHz n/m 7&/’72 Yo/ (WPa) Ya/Ba, kHz
0.6 12 -4/-4 1.001 10.10 121

0.6 31 -10/-10 7.277 1.34 42

0.6 46 -15/-15 3.083 4.78 220
0.44 198 -10/-5 5.585 0.105 21
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AJIb®BEHIBCBKI HECTIMKOCTI, IO 3BY/UKYIOTHCS IMPOJITHUMHY EHEPTTMHUMU
IOHAMM B OIITUMIBOBAHMX CTEJIAPATOPAX

5. 1. Konecauuenko, B. B. JIynenxo, I'. Bo6ir, FO. B. SIkoBenko

HocnimkeHo HECTIMKOCTI, MmO MOXyTh 30yIKyBaTHCS MNpPONITHUMM EHEprilHUMM iOHAMH B
ONTUMi30BaHMX cTenapatopax cepii Bennenswraitn (eniac). Briepime mokasano, mo mekiibka caia6eH-
PE30HAHCIB, a He JIMLLIE OJVH, TIOB’ 13aHHH 3 TOPOINANBHICTIO (3 BiOMHA 3 Teopii TOkaMakiB) MOXyTb JaBaTH
ICTOTHMI BHECOK Y iHKpeMEHT Hectiiikocti. HOBI pe3oHaHCH TiACHIIOIOTE HECTIHKOCTI #, Ginblie TOTO,
MOXYTb NPU3BOJMTH [0 HECTIHKOCTI B TUX BHMAJIKaX, KO PaHille BiIOMUH PE30HAHC He € eDeKTHBHHM.
PosrisHyTo secrabinizaniio TopoinanbHuX anb(BEHIBCHKMX BIACHUX MO, @ TAKOXK {HIIMX BIACHMX MO, 110
ICHYIOTb 3aBJAKM crieuudivniii $opmi MarmHiTHHX NOBepXoHb Ta ®yp’e-rapMOHIKAM MATHITHOrO TOJS
I'eniac-koHdirypariit.
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