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APPROACHES TO DESCRIPTION OF THE TOROIDAL
PLASMA EQUILIBRIUM WITH ISLANDS
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Two approaches to descriptions of islands with small number of periods in toroidal systems are
discussed. One of these uses the helicoidal poloidal magnetic flux and tokamak-like representation of the
magnetic field. Another approach suggests the generalization of the parameterisation of the magnetic
surfaces used for example, in VMEC equilibrium code, on the configuration with the magnetic islands.

1. Introduction

In contrast to the ideally axe-symmetric tokamak, the stellarator systems have no exactly
nested system of the toroidal magnetic surfaces. The island structure could appear in stellarator with
plasma even in stellarators with sufficiently good vacuum system of nested surfaces. Moreover, the
island structure can appear even in the ideal tokamak systems due to the tearing instabilities.

In spite of existence of the known codes PIES [1] and HINT [2], which can describe plasma
equilibrium in systems with magnetic islands, the development of the more simple approaches for
such systems is desirable. Here two different approaches for describing the plasma equilibrium with
islands are discussed.

The difficulties with the description of equilibrium with islands are connected, mainly, with
presence of regions with different topology of the magnetic surfaces, so that it is impossible to
introduce unique topology of the poloidal coordinate and corresponding unique definition of the
poloidal flux.

The main idea of the first approach is to subdivide the whole volume occupied by plasma
with approximately nested toroidal surfaces on the tubular regions of two types. To the first type we
refer the rather thick tubes whose magnetic surfaces could be considered as irrational ones. Between
these basic tubes we stand out the thin tubes each of whose has the rational magnetic surface
y=n/m with small mn. For brevity we shall call the first type of these regions by irrational
tubes, while the tubes containing the rational magnetic surface as rational ones. The plasma
equilibrium in the irrational tubes could be considered by using the usual flux coordinates (the
magnetic surface label a, poloidal and toroidal angle variables, & and ¢). The rational tubes are
topologically unstable and they really will have the island structure. It is suggested that the topology
of the islands in every considered irrational tube is known. In this case it is possible to introduce the
corresponding helicoidal poloidal flux and to derive the tokamak-like equation for this flux. The
solution should be joined with that in basic toroidal tubular regions.

In another approach it is suggested to expand the parameterisation of the magnetic surfaces
in such a way that it could describe the magnetic configuration with islands.

2. Tokamak-like description of the 3D configurations

It is well known that tokamak with the magnetic islands can be described in the same
manner as the configurations with nested magnetic surfaces, if the axial symmetry is not disturbed.
Dublet-type system is the example of such configuration. One can note two character feature of the
magnetic field representation for this case. Firstly, the poloidal angle variable is not used in B
representation, and, secondly, the poloidal flux is measured through the surface, which edge has the
same topology as the magnetic axes and the x-point of the separatrics. Thus, to try to use the
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analogous representation for the description of 3D configuration with one chain of the helical
magnetic islands it is needed to use corresponding definition of the poloidal flux, when the edge of
the surface through which the poloidal flux is measured should go in the same manner as the axes of
the magnetic islands. It worth to remind that just the same definition is used in analytical
approaches in order to have finite solution of the equation BVY¥ =0 by method of perturbations,
B, V¥, =-B V¥, . In this case the function ¥, has extreme on the resonant surface, so that small
perturbations can create the islands ¥ = const in this region (for illustration, see Figure).

Two cross-sections of the magnetic surfaces for the model configuration with islands.

Let’s suppose that just described above definition of the poloidal flux is used and try to
formulate the equilibrium problem using the tokamak-like representation of the magnetic field.

In systems with axial or helical symmetry a magnetic field is expressed only trough the
poloidal magnetic flux ‘¥ and the basic vector b. In tokamak b is the gradient of toroidal angle ¢, a
label of partition across the magnetic tube,

2B =F(¥)Vgp + V¥ xVo. (1)

As was shown in [3], in general case of 3D configurations it is possible to have analogous
representation for the magnetic field, but with two different vectors b pand by :

2B =[V¥xb ]+ Fb,. (2)
In the Ref. [4] two scalar functions A, and A4, were introduced instead of two vectors,
2mB =F(W)V, A, +V¥xV4,, (3)

where

_VA-VY

V,A=Vi- V¥, B Lk
& & vy?

4)

Vector B in this representation satisfies to the condition B-V¥ =0, while the condition
V-B =0 leads to an equation

divV A, =0. (5)

For the current density j we have:
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2muyj = F'(P)[VEYVA ]+ FIV¥V ]+ 1ot[V¥VA4,]. (6)
Thus, condition £, Vy =VxB-Vy =0 esquires the form:
div[V¥[VA,V¥]]=0. @)
It can be represented in another form, too:
div|V¥|’V,4, =0. (8)
The equilibrium equation,
Vp =[jB], (€))
can be now rewritten in the form of the equation for the poloidal magnetic flux ¥ :

div[VA,[V¥V A, 1] = 47" 1, p'(¥) - FF'(¥)(V A,)* = F'(¥)(V¥[VA VA, D+
F*(V,A, -Vy)+F(V¥ - [VyxVAi,]) - F([—Vl—;%fﬂl -1ot[V¥VA, ]} (10)

For vacuum configuration it acquires the form:

[V¥VA]

div[VAz[V‘{‘Vllz]]=F2(V,Al-Vz)+F(V‘I’-[V;(xV/12])—F( T rot[V\PVAZ]} (11)

Thus, equations (5), (8) and (10) describe the plasma equilibrium in 3D configuration with
single chain of magnetic islands. In general case the configuration can possess few chains of
islands. For the description of magnetic tube with single chain of islands one should now the
topology of these islands. In the irrational magnetic tube it is possible to change the definition of the
poloidal flux in such a way, that it becomes suitable for the description of the next chain of islands.
The mathematical correction of this formulation of the equilibrium problem should be checked.

3. Parameterisation of the magnetic surfaces with islands

In this section another approach for the description of plasma equilibrium in 3D
configuration with islands is suggested. In the well known equilibrium code VMEC [5] the
parameterisation of the magnetic surfaces is used to describe the system with nested magnetic
surfaces. Here the attempt is made to expand such approach to the system with the magnetic islands.

One of the possible ways of the nested magnetic surfaces parameterisation is the following
one:

r=ry({)+p(a,8,{)cosd : (12)
z=2,({)+p(a,0,{)sinb (13)

Here r,z,{ are cylindrical coordinates, the function p(a,6, {) is unknown one and should be
defined from equilibrium equations. For simplicity here the case of so called stellarator symmetry is
considered. In the case of nested magnetic surfaces it can be parameterized as:
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p=a+A(a,b,{), (14)
with

A(a’g’ 4’) =25mn (a) cos(m9-—n§') (15)

The functions &,,, can be defined from equilibrium equations.

Let’s suggest now that we have some solution with such parameterisation (i.e. the solution
with nested magnetic surfaces). Let a = a is the resonant magnetic surface with g(a,)=N/M .In
principle, the chain of islands with corresponding structure can exists near this resonant surface. To
describe these islands, let’s expand the parameterisation by the following way:

p(a,0,{)=a,+A, 2 (a+A-a,—A)? +7,y(a)[l-cos(Mw—NO)], (16)
where A =A(a,0,{), w=0+ Y, sin(mf-n{), with @ being some poloidal angle variable of

flux coordinates. Here the sign (+) corresponds to a+A >a, +A_, and the sign (-) corresponds to
at+A<a +A,.

The parameterisation (16) describe by unique radial variable athe whole plasma column
except the internal part of the islands. The parameters &, ,.,7 ., andea,,, are defined by
equilibrium equations and by the boundary conditions. To solve the problem completely, one needs,
in addition, the solution inside the islands. Such a solution can be received by using the
parameterisation with separate radial variable. In principle, the analogous approach can be
suggested for the system with few different chains of the magnetic islands.

Figure illustrates the possibility to describe the configuration with islands by suggested
parameterisation. Here the functions ,,,,7 ., ande,, , are modeling ones, which are not the exact

solutions of the equilibrium equations.
Conclusions

Two approaches to descriptions of magnetic islands in toroidal systems were presented. First
of them uses the helicoidal poloidal magnetic flux and tokamak-like representation of the magnetic
field. The corresponding system of equilibrium equations was represented. Second approach
generalises the usual parameterisation of the nested magnetic surfaces on the configurations with
the magnetic islands. Both of these approaches can be used for modification of modern 3D
equilibrium codes as well as for designing of new numerical codes.
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BowoN

MIAXOIM IO OIMMCY TOPOIJAJIBHOI IIJIA3MOBOI PIBHOBATH 3 OCTPOBAMM
B. . lllagppanos, M. I. Muxaiinos, A. A. Cy6orin

O6roBOpIOIOTECS. [Ba IMIJXOAHW IO ONHKCY OCTPOBIB i3 MaJMM YMCIIOM MEPIOAIB Yy TOPOIiAaIbHHX
cucreMax. OfMH 3 HHUX BHKOPHCTOBYE TBHHTOBMM NOJIOIZaJbHMH MarHiTHHM MOTIK Ta TOKaMakKoMmojiOHe
NPEICTABJIEHHS MATHITHOrO MoJs. [HIIMH MiAXiA NPONOHYe y3aralbHEHHS INapaMeTpu3allii MarHiTHUX
TIOBEPXOHb, KA BUKOPHCTOBYEThCS, HANPUKUIA/, y Koxi pisHoBard VMEC, Ha koH(irypauii 3 MarHiTHuMu
OCTpPOBaMH.
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