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VISCOSITY EFFECTS AT THE NUCLEAR DESCENT FROM THE FISSION BARRIER
S. V. Radionov, F. A. Ivanyuk, V. M. Kolomietz, A. G. Magner

We evaluate the temperature T, at the scission point and the descent time 7, from the saddle to

the scission of heated nuclei within the liquid-drop model. We use the classical Lagrange-like equations of
motion. The nuclear surface is parametrized by the two-parametric family of the Lawrence shapes.
Conservative forces are defined through the free energy of the nucleus. We use the friction tensor derived
from the boundary conditions on the nuclear surface and from exact solution of the continuity equation for
incompressible and irrotational flow. The scission line is determined from the instability condition of the
nuclear shape with respect to the variations of the neck radius. The numerical solution of the dynamical
equations is carried out for the nucleus 23517 We have defined the viscosity coefficient g from the
comparison of the experimental data for the kinetic energy of the fission fragments with computed one. We
found a significiant deviation of g obtained within our approach from the value of x obtained within the

standard hydrodynamical model.

1. Introduction

Many general features of nuclear dynamics can be described in macroscopic models in
terms of collective variables. The few essential degrees of freedom are usually used to simplify a
complex dynamic problem of large amplitude motion like nuclear fission. An available approach to
such large amplitude motion problems is based on the standard liquid drop model LDM [1]. Up to
now, the LDM is widely used for the description of the main macroscopic, i.e., averaged over many
quantum states, characteristics of nuclear fission [1]. Within this model one starts with the classical
equations of motion for the collective variables describing the shape of nuclear surface. The
conservative forces and the mass coefficients are derived from the LDM assuming the irrotational
motion and incompressibility of the nuclear liquid. The friction tensor is derived using the well
known Rayleigh function in the same way as for infinite viscous matter.

In [2] the nuclear liquid drop model was modified by the combining the initial problem of
the Navier-Stokes equation inside nucleus and the boundary conditions on its surface. The friction
tensor takes into account the finite size of the liquid drop described by the boundary conditions. In
the present work we solve the macroscopic equations of motion with friction parameters of [2] and
we compare the results with those obtained within the standard hydrodynamic model. In the case of
hot nuclei we derive the conservative forces in the classical Lagrange-like equations through the

free energy.

2. Macroscopic equations of motion

The motion of incompressible, viscous and uniformly charged fluid can be described by the
Navier-Stokes equation

0 0
mpeq g;ua = _5;;1—[ aﬂ_pp,eqvws (1)

where p,, (7) is the equilibrium particle density, p, (%) is the equilibrium charge density, m is the

nucleon mass, #(F,7) is the velocity field, and @(7,f) = _[ Bpisakf ) ‘F - F’|_Idf ' is the Coulomb

potential (here ¢ is time dependent through the dependence on the time of the surface S which
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restricts the volume 7 of the system). In Eq. (1) and succeeding equations we use the convention
that repeated indices are summed over. The momentum flux tensor [] «p(Fs1) contains

conservative and dissipative parts. Below we assume the potential motion of fluid. Taking into
account Eq. (1) the momentum flux tensor takes the following form (see Sect.62 of [3]):

i_ Oy Ze 2y
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where y(7,t) is the potential of the velocity field (# =Vy), Z is the proton number, e is the
electronic charge, A is the number of nucleons in the nucleus, and u is the viscosity coefficient.
The potential y(7,¢) can be obtained from the continuity equation

Ay =0 3)

The equations of motion (1) and (3) have to be completed by the boundary conditions. Assuming a
sharp surface of the nucleus, the boundary conditions on the moving surface are given by

(7il) s = (AVZ)|; = us. )

IL. 70 ls=Ps, (5)

where # is the unit vector which is normal to the surface S, Hm (7,1) is the normal-normal
component of the pressure tensor ]._[o.',&’ ug is the velocity of the surface S, and P is the

surface tension pressure.
Let us introduce the displacement field @(#,r) given by u(F,t)=0a(F,0)/ot. Tt is

convenient to rewrite the boundary condition (5) in the form of the variational problem (see Sect. 4,
p. 195 of [8])

[} ard asoo, [T, - Ps] =0, 6)

where dw,(7,t,)=0w,(F,t;)=0 for any variations of the normal component @, of the
displacement field &(¥,7). The variational problem (6) can be simplified by parametrizing the
liquid drop surface S in terms of the collective variables ¢(f) = ¢,...q,, by writing [2]

b, |S: u;6q;, ug =uq;, X = /?;9: (7

We will assume that the nucleus is defined by rotation of the certain profile function
p =Y(z,t) around the z axis. The quantity #, in Eq. (7) is given then as [2]

/ [ayr | 5

-
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In order to define the quantity 7, in Eq. (7) we substitute Eq. (7) into Eq. (3) and (4) and use Eq.

(8). So we have

10Y
Ay =0, VT ) lo=—— 9
i E ( Z;) IS Aé‘q, ( )

After substitution of Egs. (2) and (7) into Eq. (6) we obtain macroscopic equations of motion for the
collective variables g, (f)

i aMg lank _ . .
ngj + 5qk -~ 5 an q,9r = Kf. B quj, i=12.N, (10)
where
M, =mpeqf;|.dsﬁ,-;?f, (1)

is the inertia tensor. The inertia tensor M, determines the collective kinetic energy T} - Namely,

1 1 . 1 ¢
T = 5 MPeq Lutav = =M f 20 - Vy)dS = 7 My(0did; - (12)
In Eq. (10) Z,, is the friction tensor [2]

0%,
by My - (13)
r, Or g

ZU‘ & 2,ucjdsﬁf

We point out that the friction tensor (13) differs from the friction tensor of the standard
hydrodynamic model [1] (see Appendix A). In the case of heated system the conservative forces K,

in Eq. (10) relates to the free energy F' as (see Appendix B)

X, =—["—"‘1J , (14)
8‘]:’ V,T.¢

where T is the temperature of the system and § = ¢, ¢,....4; denotes the N collective velocities. 4
The free energy of the nucleus at finite temperature is given by

F=T, +Fg+F.+F" 1s)

here F¢ and F,. are the free surface and Coulomb energy respectively and F * is the internal free
energy. :
For the energies Fy and F, we use the following expressions [4, 10}:

2 - 2
Fe(a 1) = alT)Be@) 5, FolaT) = o(T)Bslaht® ;f=1—ii.?82rf»[5"r - Z] . (16)
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where N is the neutron number.
In the low-temperature limit 7 << 7 the temperature dependence of the surface tension

o(T) and of the Coulomb force parameter «(7") are given by [11]

2
J(T)=17.94{1~-Z—%J MeV,  aT)=07(-x.) MeV 17)

¢
and the internal free energy has the form

F*==gyT?, (18)
where the parameter x. was chosen as x = 0.76-107 MeV ™ [10], 7~ =18 MeV is taken as the

critical temperature for infinite nuclear Fermi-liquid [11], @, =7z°4/4¢, is the volume

contribution to the level-density parameter and &, =40 Mel is the Fermi energy.
Using Eq. (17) and (18) the free energy /' (15) can be rewritten in the form

F=T,,+U(q)-al?, (19)

where U(q) is the potential energy of the cold nucleus

1/3
Ulg) = 17.94 - Bo(qyd*/® + 0.7 Bo(q)2* / 4 ® (20)
and the level-density parameter a is given by
a(q)=ay +ag +ac 21)

here

5 B
as(q)=17.94-— By (9)y4*", ac(g) = 0.7 xcBc(q) —75 - (22)
217 Y

The system of macroscopic equations (10) with the conservative forces K, (14) should be

completed by the condition for the determination of the temperature 7 along the dynamical
trajectory. In order to obtain this condition let us consider the entropy S of the system

§u ,{m] = 2a(q)T . (23)
Vg4

The entropy S is changed due to a work of the friction forces

TdS = Z,(9)q,q, - dr . 24)

Using Eq. (23) we have
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ds=3. dz(‘” dq,T +2a(g)-dT . (25)
From Eq. (25) one obtains the equation for the temperature:
A | o da(q) .
P o B LN A s ]
y [ 7 ()4:4, 2 g; } (26)

Also the temperature can be defined from the conservation law of the total energy £ of the system.
Finally we have a closed system of equations for the variables ¢, T’

oM, | oM, oF
MG, +|—%~-——>1q,4 z—[—-— ~Z.q i=12..N 27
) {aqk 2 oq, J1k aquV‘!q g1y | (27)
- . _dag) . |
= 5£|:Zg' (9)9:4, —2-—(1—%%-% 'T] (28)

3. Numerical results

We consider the symmetric fission of 2°U. We neglect the g-dependence of the level-
density parameter assuming that the a corresponds to the value for the spherical nucleus
(Bs(gq) = B-(¢g) =1) and is given by

—y 22

= 2/3
alg) = -~—4€P +17.94 - 2T2 A7 + 0.7 - %, AUB (29)

Below we will use the empirical value of the level-density parameter a(q) = A/8 MeV ™.
We solved Eqgs. (27) — (28) numerically with the two-parametric shape family in the
Lawrence parametrization [6]

5 =2 )¢5 + ')
Loy /5+¢3)

Yi(z)= (30)

Here and below all quantities of the length dimension are expressed in units of the radius R, of the
equivalent spherical shape. The parameter ¢, in (30) determines the general elongation of the

figure and ¢, is related to the neck radius.
We derived the scission line from the condition of the instability of the nuclear shape with
respect to the variations of the neck radius

GRYC)
ap neck

=0, 31)

where p,..c = 62 /\/4’0 (¢2/5+ ¢ is the neck radius [6].
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The macroscopic equations of motion (27) — (28) were solved with the initial conditions
corresponding to the saddle point deformation, initial kinetic energy of 1 MeV (initial neck velocity
¢, =0), and initial temperature 7, =2 Mel" . To solve the Neumann problem (9) for the velocity
field potential we have used the method based on the theory of the potential [5]. For comparison,
we have solved the dynamical equations (27) — (28) with the friction tensor of the standard
hydrodynamic model computed within the Werner-Wheeler method [1] (see Appendix A, Eq. (40)).

Dynamical trajectories for the different values of the viscosity coefficient 4 (in units of the

Hy = 1072 MeV -s/ fn®) are presented in Fig. 1.

16 18 20 22 24 26 16 18 20 22 24 26
G G

Fig. 1. Dynamical trajectories in the 'y — ¢, plane. Curve / corresponds to the calculation with the friction

tensor (36) computed with the help of the theory of potential. Curve 2 correspond to the calculations with the
friction tensor of the standard hydrodynamical model (40) obtained within the Werner-Wheeler, Dot-dashed
line is the scission line from the condition (31).

In Fig. 1 we show the dependence of the neck parameter ¢, on the elongation £, of the

nucleus for dynamical trajectories calculated with various amounts of the viscosity coefficient 4.
For the zero viscosity curves / and 2 coincide. We define the scission point as the intersection point
of the dynamical path with the scission line (31). Fig. 1 illustrates that the viscosity hinders neck
formation and leads to a more elongated scission configuration. With the growing of the viscosity
coefficient u difference between curves / and 2 increases. It speaks about the significant
sensitivity of the dynamical calculations to the choice of the friction parameters.

Fig. 2 shows the effect of the viscosity on the descent time 7, and on the temperature of the

nucleus at the scission point 7, .
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The viscosity coefficients u, and u, in Fig. 2 were obtained from the comparison of

experimental data [7] for the kinetic energy Tkij:,f of the fission fragments with computed one within
the approaches / and 2.

T~ I
& th SN -3 %

Fig. 2. The descent time 7, from the saddle to
the scission point and the scission temperature

T, as function of the viscosity coefficient x (in

units of the g, ). Notations for the curves / and 2
are the same as in Fig. 1.

Tscisa MeV

We approximated the value of T\™ by the sum of the relative Coulomb energy ¥, and the
kinetic energy 7}, of the center-of-mass motion of the two equal spheroids at the scission point

Tf:::: = [VC'om' (d’ C) s Tkr‘n,c.m.(d)]ms- (32)

We assumed that the distance between the centers of mass d of two spheroids is equal to the
distance between the two halves of the fissioning nucleus

d=§,§ M

470 ¢ vsg} e

The corresponding velocity d was obtained by the differentiation of the (33) with respect to the

time.
The elongation ¢ of both separated spheroids is defined by the condition

2rewd =2 gy, (34)

where £, is the elongation of the nucleus at the scission point.
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The difference of our T, and 7, (see curve /) from the ones of (2) increase with growing

viscosity. We point out that viscosity coefficient u, derived with the friction tensor of [2] deviates
significantly from the value s, obtained with the standard hydrodynamic friction of [1].

Summary

In the present paper we derived the macroscopic equations of motion for the collective
degrees of freedom from the variational approach to macroscopic nuclear dynamics. In the case of
the heated nuclei the conservative forces in this equations are defined through the free energy of the
nucleus. We used the friction tensor (13) of article [2] which takes into account the boundary
conditions on nuclear surface. Instead of the traditional Werner-Wheeler method we solved the
exact Neumann problem for the incompressible, irrotational velocity field using the theory of
potential. The scission line was determined from the instability condition of the nuclear shape with
respect to the variations of the neck radius.

Numerical calculations were carried out for the #°U/. We obtained the dependence of the

scission temperature 7, and of the descent time 7, from the saddle to the scission point on the
viscosity. We found a significant deviation of the results for the T, and 7, obtained with the

friction tensor of [2] from the analogous results obtained with the friction tensor of the standard
hydrodynamic model [1].

Appendix A

To clarify the meaning of the friction tensor Z;(13) we will evaluate the change rate of the

collective liquid drop energy. Multiplying Eq. (1) by i, integrating it over the nuclear volume, and
using Egs. (4) and (5) we derive the change rate of the collective liquid drop energy

E. .=T,, +E-+E; as

coll

6Ecoﬂ e 0 i %
o E(Tkm +Ec + Eg) = “% 244,49, (35)

here E~ and Ej is the Coulomb and surface energy respectively. The friction tensor Z, in Eq. (35)
is given by Eq. (13) and it can be rewritten as

o 0 (0,
Zi} = ﬂ{dsa(u” U, ), ) (36)
where # =V7,,
Expression (36) for the friction tensor Z,; can be also founded from the Rayleigh function [2]
’ d:s"} 1 ]
4“’ = -5 22404, (37)
i

where H(“’”) is the dissipative part of the pressure tensor (2)

B i
o, Org .

(diS) _
=

(38)

26



VISCOSITY EFFECTS AT THE NUCLEAR DESCENT

We point out that the Rayleigh function R (37) is different from the analogous Rayleigh
function R“™ ) of the standard hydrodynamic model [1, 2]

oRlstand) - /uj.d%ﬁuz = ~{ dsu, H(f) ~ [ dsu, - (39)

nr

here index ¢ denotes the tangential component.

The friction tensor Z**"* corresponding to the Rayleigh function B8

is written as [2]

R o@"aV)

zsand) _ 9, d ds ﬂm —lpf = ds ———
Y #4 ; g rs 2 #Cj. én el

where
N g
i)y —) _ %
H, = u iy u =

@ E a 9i @ B (4])

44

stand)

It should be noted that the Rayleigh function R differs from the Rayleigh function R
of the standard hydrodynamic model because to obtain Eq. (37) for the R the boundary conditions
(4) and (5) were essentially applied. Both Rayleigh functions (37) and (39) and as well as the

friction tensors (36) and (40) are not identical because, in general, the normal-tangential component

of the pressure tensor ]'[Ex‘g*'} does not become zero on the nuclear surface.

Appendix B

Appendix B contains the derivation of the expression (14) for the conservative forces K, in

the case of heated system.
We start with the first law of thermodynamics. In addition to the volume and entropy, the

generalized coordinates and velocities, ¢, and ¢, determine the thermodynamical state of the
system. The first law of thermodynamics takes the form (see Sect. 15 of [9])

dE = TdS - PdV - K, dg, — 0,dq; , (42)

where P = —~(dE |0V ) 4, is the pressure and

OF oF
K; = —[5"] ;o Gi= —{B—J (43)
‘?E V.S.4 qd; V.59

are the generalized forces and generalized momenta respectively. In many cases it is more
convenient to use the temperature 7 instead of the entropy S. Using the thermodynamical
definition of the free energy F = E—TS we can write down the generalized forces K, in the form

(see Sect. 15 of [9])

oF
K, = —[—J (44)
aqi VTG

27



8.V, RADIONOV, F.A IVANYUK, V.M. KOLOMIETZ, A.G. MAGNER

i.e. the conservative forces K, in equations of motion (27) should be defined through the derivation
of the energy E or of the free energy F with respect to the shape parameters g, at fixed entropy S

or temperature 7 and collective velocities g .

At the end of the Appendix B we will demonstrate a method which allow us to derive the
macroscopic equations of motion (27) - (28) from the minimal-action principle.

Let us write down the minimal-action principle in the following form [8]:

8 [Prt = & [Ty + ATy +U + E* = Eq)ldt = 0, (43)

where A is the Lagrange multiplier which takes into account the conservation of the total energy
E=T,, +U+E"=E,, provided that in the initial time ¢,

89,(t,)=0, 83,(t)=0 (46)

and in the final time ¢, the quantities d¢, and &, are arbitrary.
We will consider the entropy S as the collective variable which together with the ¢ and ¢
determines the dynamical behavior of the system. From Eq. (45) one obtains

OF OF .. .OF
I?[é?ﬁ‘?f b el *ﬁ]d’ v, & =0. @)

Using the thermodynamic definition of the temperature 7' = (0E/0S), , , we have

8&") (GE}
o & = Al — &S = ATSS , 4
(a’S - a8 )y g T

where (see Eq. (24) .
T&S = Z;q,4;6t = Z,,4 ,64;. (49)

After substituting Eqgs. (48) and (49) into Eq. (47) we obtain

3| OF d | OF . *
— | — |+ AZ,q, 0q,dt + |- 2A + )T}, + AT, +U +E" - E =
[agf dr(aqf] Jq}&i [( )7, (7, 0)]5;2 (50)

Using the condition 7, + U + E* = E,

s (DA 6 Ty WL B 2. B w24 5 10T, (51)

Therefore Eq. (50) takes the form

28



VISCOSITY EFFECTS AT THE NUCLEAR DESCENT

o| OF d | OF y ’ P
fw[aq,. dt(aq’J ﬂzg-qj}&]idt-(Z/Lﬁ-l)Tkmé‘tz = [, (52)

The variations &, and &, are independent, so

OF d|OF \ .
_a_g: i _‘};[a_q:J a2 A'er‘?j =0, el BN (53)
=« (A0, =0, (34
therefore A = -1/2 and
F = 1(T U ) |
e E (55)

and Eq. (53) leads to the Lagrange equations of motion in the following form:
oL d| oL
— = —1=Z;q4;, =0
bg, dt (ag'f ] vl (56)

with the Lagrange function £ = Ty, —U - E".
The Lagrange equations (56) can be rewritten as

oM, 1M ;(q)
M o+ § A vee) s b, = K = Zod, } = 120N
4 [ oy 2 84, 49« j 9 I &4
where
oE oF
K{ - _(...__,__J = —[-—-——J ' (58
6(;,- V.S a% ¥.T.q )

The change of the temperature T with the time is defined from the equation (see Eqgs. (25)
and (26)):

" . dalq) . -
T = Eg]:ZE(Q)QfQJ' -2 da, 4 'T] i=12..N. (59)
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BILIMB B'SI3KOCTI HA CIIYCK SIJIPA 3 BAP'€PA IOJALTY

C. B. Pagionog, @. O. Ipaniok, B. M. Kosomieus, O.I". Marnep

JlocimkyeThes Temnepatypa 1, Y TOYLi PO3pMBY Ta 4ac CIycky 3 fap'epa 10 TOUKH PO3PHBY T,
AAs nofiny Harpitex sjep. s usoro BUKOPHCTOBYIOTBCA KJIACHUHI DIBHSHHA pyXy Tumy Jlarpanxa B
pamKax mojeii piaxoi kpamti. [ToBepxHa Aapa NapaMeTPU3YETLCA JBONAPAMETPUYHHM K1aCOM JIOPEHLEBHX
¢iryp. KoncepearuBHi cuin BU3HAYAIOTHCS Yepes BUTbHY eHeprito sapa. Mu BUKOPUCTOBYEMO TEH30D TEPTH,
OTpUMaHHH i3 rPaHHYHKUX YMOB HA SAEPHiN MOBEPXHi Ta 3 TOUHOrO PO3B'A3KY PiBHAHHA HETepepBHOCTI A7k
HECTHCKYBAHOTO i Ge3BMXPOBOro NMOTOKY piluHH. JIiHIS PO3pUBY BM3HAYanacs 3 yMOBH HECTIMKOCTI Gopmu
Apa 10 BiAHOLIEHH!O A0 Bapiaiil pagiyca wuiky, YucensHuMit PO3B'A30K AMHAMIYHUX PiBHSAHB OY/10 BUKOHAHO
JuIs sTpa “6Er Koediuienr B'aakocti 4 Oyno OTpUMAaHO 3 NOPIBHAHHA EKCIIEPUMEHTAILHUX JTaHUX JUId
KiHeTH4HO! eHeprii OCKOMKIB MOMiMY 3 PO3PAXOBAHUM 3HAUEHHAM LIET BEIUYMHU. Byno 3HaieHo 3HauHy
BiIMIHHICTB 4/, OTPHMAHOTO B paMKaX HALIOrO MiAXO/AY Bifi 4 CTAaHJApTHOI IApOAHHAMIYHOT MOJETI.

BJIMSTHHE BS3KOCTH HA CIIYCK AJIPA C BAPHBEPA JAEJEHVS

C. B. Pagunounos, ®. A, Upaniok, B. M. Konomuen, A. I'. Maraep

HCCJTCIWETCH TEMIEpPaTypa Tsc;s B TOUKE pa3pbiBa W BpEMS CITYCKa C 6apbepa A0 TOYKH paspeiBa 7,
oA JCACHHA HarpeTbix HANOEP. Hﬂﬂ ITOrC HCITONB3YIOTCA KIacCHYECKHE YPAaBHEHHA [ABHIMKECHHA THIIA
Jlarpamka B paMKax MOJeNH xuuKkoM Karuii. [IoBepXHOCTE sapa rnapaMeTpusyeTcs IBYXNapaMeTpUYecKuM
ceMelfcTBOM JIopeHLEBBIX (Guryp. KoHcepBaTHBHbBIE CHIIBI ONIPEAEIAIOTCA Yepe3 CBOOOIHYIO SHEPTHIO A7pa.
Mbl MCIIONB3YEM TEH30p TPEHWA, MOJYHEHHbIH M3 IPaHMYHBIX YC/IOBHH Ha #IEpPHOM [MOBEPXHOCTH W W3
TOYHOrO pEeUICHHUS YPAaBHEHHS HETPEpPBIBHOCTH /I HECKMMAEMOro M 0e3BMXPEBOTO MOTOKA HKUAKOCTH.
Jlueug paspeiBa OmHpejensjiack M3 YCIOBHS HECTAOWIBHOCTA (DOPMBI A7pa MO OTHOLICHWID K BAPUALIMAM

& 23677
pajuyca weikd, UncIeHHoe pellieHye IMHaMMUeCKHX YPaBHeHHH BeIIoNnHeHo ans aapa ~ U . Koepduument
BS3KOCTH (4 Ol TOMY4YeH U3 CPAaBHEHMS BKCTIEPHMEHTANBHBIX AaHHBIX JUI KMHETHYECKOW SHEPrHH

OCKOJIKOB JI/IeHHS ¢ BBIUMCIEHHBIM 3HAYEHHUEM 3TOM BenuumHbl, BBlIo HallieHo 3HauuTenbHOe OTHNYMe [/,
MOMyYEHHOrO B PaMKax HALUEro NOAX0/A OT 4 B CTAHAAPTHOH MMAPOJUHAMUYECKON MOAEIH.
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