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ROTATION OF SUPERDEFORMED EVEN-EVEN NUCLEI
A.Ya. Dzyublik, V.V. Utyuzh

Starting from the microscopic Hamiltonian of the nucleus we derived an equation to describe the
rotation and quadrupole vibrations of even-even axially symmetrical nuclei, having arbitrary deformation B
In case of small A it reduces to the Bohr - Mottelson equation with y~0. Such an equation is used for
calculations of vibrational-rotational energies of superdeformed nuclei.

Introduction

A lot of papers (see e.g. [1 - 14]) are devoted to investigation of spectra of superdeformed
nuclei, which are characterized by the quadrupole deformation parameter fip~ /. Their energy levels
are usually calculated in the framework of the cranked shell model [10]. But the familiar cranking
model deals only with static deformation of the nuclei and do not take into consideration any
relation of the rotation and vibrations of the nuclear shape. At the same time, this relation is
described by the Bohr-Mottelson equation [15, 16]. Most explicitly the dependence of the rotation
of normally deformed nuclei (8y ~ 0.2 - 0.3) on -vibrations is revealed in the Davydov - Chaban
model [16, 17]. But its application to superdeformed nuclei faces with difficulty that the Bohr -
Mottelson equation is derived assuming small deviations of the nuclear shape from the sphere,
when f << I (see [15, 16]). Therefore their generalization to the case of arbitrary deformations is
very actual.

A set of independent colléctive variables, useful for description of the rotating deformed
nuclei, has been proposed by Dzyublik [18] which was discussed later in [19 - 24]. The kinetic
energy operator for all 4 nucleons of the nucleus has been expressed in terms of new collective
variables in the same paper [18]. Supplementing this kinetic energy operator by a potential energy
of the nucleus we can obtain the microscopic Hamiltonian of the nucleus. It was shown in [19], that
the Bohr-Mottelsson equation follows from such microscopic Hamiltonian when f << [, if we
neglect the intrinsic motion of the nucleus and its coupling to rotation. Hence it is natural (o
generalize the Bohr-Mottelson equation to the case of arbitrary f, starting from the same
microscopic Hamiltonian [18, 19] and treating the nucleus as a set of nucleons but not as a liquid

drop.
Collective Hamiltonian

Following [18, 19], we shall specify first the collective nuclear coordinates. As usually [15 -
19], two coordinate frames are introduced with the origins coinciding with the center of mass of the
nucleus. One of them x, y, z is the laboratory coordinate system and another ¢, #, { is the moving
one with the axes directed along the principal axes of the inertia tensor of the nucleus. Then the
projections of the Jakobi vectors of the nucleons g; on these axes obey the following constraints

A-1 A-1 A=1
Z QH,;qH} = ZQ‘J;’QJ{ = Z%qq{'g * ( 1)
=] i=1 i=l

where 4 is the number of nucleons in the nucleus.
Rotation of the nucleus is identified with rotation of the coordinate frame & », { whose

orientation with respect to x, y, z is determined by the Euler angles § = {0, 0>, 03/. Equation (1) 1s
formally considered as the orthogonality condition for three vectors A¢ = {g1s ¢2s ..., Qua-r5h Ay =
= {qip G20 «r G4-1, o} and A= {916 G2 -, q4-1, ¢} 1in an abstract (4 - 1)-dimensional space with
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basis orts e;, 5 ..., e4;. Such notion enabled us [18] to introduce an independent set of variables.
Three of them are defined as the lengths of these vectors:

a= /;qf : bm\/E» c=\/z??? @

Others should be angles to determine the orientation of the vectors A, 4,, A¢in the abstract space.
For this aim we introduced [18, 19] the moving frame with orts e';, e’» ..., e's; rotating in the
abstract space. The vectors A, A,, A are directed as follows

A, =ae,,, A =be,, A =ce,,. (3)

Then as intrinsic angular variables we choose some of the generalized Euler angles which determine

the orientation of the frame {e’;} with respect to {e;}.
The kinetic energy of the nucleus may be expressed in new variables [18, 19]

T = ?{a? sB 4 wat Y 025, 40 Y 2, w0 Zgj,u( ~4bc2, 5 0 —

k=A-3 ket d=2 k-1

~4acQ,., 0, —4ab2, ; 0, 87 cz)cug? + (az - cz)coj +(6? +a* Jo? 3 4
where m is the mass of the nucleon, @ = {a) e ,cog} is the angular velocity of the nuclear rotation,

Qy is the angular velocity for intrinsic rotation in the plane ( e', €' ) of the abstract space. A simple
procedure of quantization T gives the following result for the kinetic energy operator [18 - 22]

o e o* o [ 2a 2a A—4] 0
T= s e e + —+
a“—b a“

- +—
2m | 8a®  B8b* B¢t

2b 2b A=-4\ 9 2o 2c A-41Y 2
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b*—a* b°—c” b Job \c¢c*-a~ ¢ -b c

A=-4 2 2
1 » L 4 A b+c¢c™ (20
-> ("{;{ji—s,{( +E§".}i—2,k +_c_ffj—!,k)m__'—"_2—(1r§ +J"A—2‘A—l)7 (5)
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where ﬂ_ : fu y f}, are the spin projections ( in units %) on the axes & 7, { 7, are the infinitesimal

operators of rotation in the planes (e’;, e’y ) of the moving frame in the abstract space. Below we
shall analyze only the collective motion neglecting both the intrinsic rotation and the Coriolis
coupling. It corresponds to neglecting of all term containing £y in (4).
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The coordinates a, b, ¢ determine the shape of the inertia ellipsoid which can be identified
with the shape of the nucleus having only quadrupole deformation. Such coordinates are related to
much more familiar coordinates p, 3,

a= -%exp(ﬁ cos(y +27/3)),

—w’o—ex costy —27/3
hee p(Bcosly ~27/3)), 6)

c= -\%exp(ﬂ COS}/),

where p = (az +b*+c’° )mmeans a nuclear hyper-radius; B and y are the quadrupole deformation
and unaxiality parameters respectively. New variables vary in the intervals

0<p<w, =-w<f<on, 0<y<af6, (7

where the deformation parameter /§ > () describes a prolate shape and # < 0 an oblate one.

Possible deviations of p from p, describe the density vibrations. Putting p = p,, we shall
express now the collective part of the kinetic energy operator in terms B, vy and three Eulerian
angles 0. In general it is cumbersome expression therefore we restrict ourselves by the axially
symmetrical nuclei with y ~ 0. The most simple way to solve this task is to write down first the
classical kinetic energy in terms of f, y and then to quantize it.

It is easily seen that for y = 0

Lel

2 \
Loy o 0 3 mp & 28152 . 3 -ppr2
T, =—|a? +5 +&* =L | —eP 4 &** g gt X 8
Then the kinetic energy operator for the collective motion of the nucleus takes the form

. A 8  nalB) (2 R 1 a( a} ; \
o et AN ootcs,” s MY 7 ST ) IRt S Rl e i G
2B(ﬁ)g(ﬂ)aﬁgw)aﬁ+63(ﬂ)ﬁ?(“ ”)*28}, ﬂ)ﬁ{ "o +4A .

where we used the following notations:

B(5)=B0K", B(5)=BO)(B), BO)="ES, f(F)=1e” +2¢),
' 2,-38/2(,-B _ ;2B oo o~ 28
g(ﬁ):;@ﬁ (e—ﬁ(+2ezﬁ) )2 a(ﬁ):%ﬁ (e +2e )é? ﬁ%' (19)

Here B(B) and B,() are the mass parameters for - and y-vibrations respectively. When f# — 0 they
tend to the same constant value B(0), as in the Bohr - Mottelson model [15, 16].
The Hamiltonian of the nucleus will be

A=T+v(87). (11)
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The Schrédinger equation

In order to find the solution of the Schrddinger equation
HY(B,7,0)=E¥(8.7,0) (12)

we shall neglect the dependence of the quantities f{5), By(f) and o) on 8, putting = B,, where
o determines minimum of the effective potential w,(B) given below. Then the wave function

factorizes:

¥(B.7.0)=g " (B)e(B)| IMK > x(r), (13)

| IMK >= /22{—”:(9;” (6)+ (1) D, (9)). (14)

V1672 (1+ 6,4

where the function

describes rotation of the axially symmetrical rigid rotator with spin /, its projection M on the axis z
and projection K on the symmetry axis { of the rotator. Besides, DL (9) are the Wigner functions
depending on the Euler angles. The function ¢(8), describing B-vibrations, satisfies the equation

2B 3B’

{ o —54+W;w)—ef}co;(ﬁ)=0a (15)

where we put B = B(/, ). The effective potential energy is

hla .
W,(8)=W,(8)+ Y 1(1+1), (16)
where
_ep[ Lo _ B, -
Wo(ﬁ)—Cﬁo(zﬁz ﬁ]“"” (17)

where the constant C, determines position of the normal or superdeformed potential well. We

introduce the following notations:

_B g e B
g_)gfm’ ﬁoo \[;, . —\‘IIB, )u ﬁO,

; (18)

where the parameter f,, stands for the amplitude of f-vibrations in the ground state of f-oscillator,
and u is the softness parameter (see also [16, 17]). Then we can rewrite equation (15) as
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o’ Ii+1) 2z N
{ag? — F ; +2g}¢(§)vo. (19)

We see that (19) is formally the equation for the radial part of the wave function of a charged
particle bound in the Coulomb potential. This enables one to write down the energies as

__haZ®

i |t i)
ks 2 n

+C

0>

(20)

where n= ng +1+1; and ng = 0, 1, 2 ... indicates the number of phonons for f-vibrations. Note

that » and / are not integers.
The function y(y). describing y-vibrations, satisfies the equation

[ 1a0.8Y BV 1., l
=y =+ |+ BC "~ (2(r)=0. 1)
{287}3’;{ y@y[ 6}/) 4y} e ?’J
The wave functions y(y) are specified by two quantum numbers n, = 0,1,2,3,..;and K= 0, 2,

4 ... Their corresponding energies are [16]

1 .
e :k.{u?[2n? +~2—K+1], o= | 22)

Thus the nuclear energies are

ﬂﬁ(nﬁ.n;f = Einﬁ t SKHY ¥ (23)

Dealing with superdeformed vibrational-rotational band, based on the state with spin /; and

ny =n, =K =0, one must calculate the relative excitation energies
AE!K:?{,,::Y i EJKnﬁnl, - EL,OOU y (24)
They are given by
: i ;
B = a';{ S 2-‘+ﬁw? {2;7., +1K} 25)
2| (417 {ny +1+1) | 2

with , associated with 7, and / with . Respectively, for the normal bands we must take 7, =0 for

the ground state of even-even nucleus.
Discussion
Equation (12) with the Hamiltonian (9) - (11) describes collective excitations of even-even
axially symmetrical nuclei with arbitrary deformation f. Only in the limit # — 0 it reduces to the

Bohr - Mottelson equation. Therefore it is most valuable for description of superdeformed nuclei
with great values of . The solution of Eq. (12) given above is obtained nonadiabatically like the
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Davydov - Chaban model [16, 17]. It describes complex mixture of the nuclear rotation and
longitudinal f-vibrations.

Relative energies of the superdeformed rotational bands of the
isotopes  "Hg, 12 Hg, "*Hg, Pb, "' Pb, 198 po

]%Hg 192Hg w“Hg EI
fun = 1030 kev Biw = 1105 kev hwm =1190 kev
n=10.105 “p=0.098 u=0.092
| 4id Eexp IB 0] Etheor Ik E’cxﬂ [3 1} Etheor 1 & E‘exp I3 0} Eheor
12 0.0 0.0 8 0.0 0.0 107 0.0 0.0
14 316.9 3145 107 2144 210.3 | 127 200.8 200.4
16" 676.9 672.9 127 472.2 463.9 147 443.0 442.1
18" 1079.2 1074.2 14" 7723 760.1 16" 726.2 724.8
20" 1522.2 13172 167 1137 1098.3 18° 1049.6 1048.0
42" 2004.9 2000.7 18" 1495.3 1477.6 20" 1412.8 1411.1
24" 2526.2 25232 20" 1916.4 1897.4 22" 1814.8 1813.4
26" 3084.8 3083.2 i3 23752 2356.5 247 2233.] 2254.3
28" 3679.7 3679.4 i 28712 2854.1 26 2732.8 2733.0
307 4305.8 4310.0 26" 3403.3 3389.0 28 3247.0 3248.6
32° 49739 4973 .4 28" 3970.7 3960.0 307 3796.9 3800.3
34" 5670.8 5668.0 307 4572.4 4566.1 327 4381.8 4387.1
36" 6399.3 6391.9 327 5207.3 5205.8 34’ 5000.7 5008.2
38" 7156.7 7143.5 34" 5875.4 5878.0 36" 5652.8 5662.4
40" 7940.2 7920.9 36" 6575.5 6581.3 38" 6337.3 6348.7
42" 8742.0 8722.3 38" 7307.0 7314.2 40" 7053.5 7066.0
40* 8069.3 8075.5 42" 7800.4 78133
427 8862.0 8863.6 44" 8578.2 8589.3
44* 0684.9 9677.2 46" 9385.9 9392.9
46" 10538.0 10514.7 48" 10223 .4 10222.9
48" | 11426.7 11394.7 | 507 | 11090.5 11078.2
192 Pb 196 Pb 198 Po
ho =990 kev ho =1120 kev ho =1130 kev
w=0.105 i =0.096 p=0.098
1" Eexp [31] Etheor 1" | Eexp [30] Etheor I* ‘ Eexp [30] Eineor
8" 0.0 0.0 8" 0.0 0.0 6 0.0 0.0
107 215.6 2152 . 107 204.5 204.8 8 171.4 170.4
" 478.1 474.4 12 452.4 451.8 10" 387.0 3854
147 782.3 776.7 14" 741.8 740.5 12¢ 646.5 | 644.7
16 | ol 1121.2 16" 1071.5 1070.2 14" 9495 [ 947.6
18" 130253 1506.9 18" 1441.0 1440.3 16" 1295.3 1293.5
20" 1936.2 1932.7 20" 1850.4 1850.0 18" | 16829 1681.4
227 2398.4 23974 22° 22082 | 2208.4 207 21114 2110.7
247 2897.4 2899.6 24" 2783.5 27846 | 22 2580.8 2580.2
267 3432.7 34379 26" 3306.1 3307.7 | 247 3089.3 3089.0
28" 4008.0 4010.9 28" 3864.3 3866.6 267 3636.2 3636.0
30" 4607.7 4617.0 30 4458.4 44603 { 28 4220.4 4220.0
32" 5247.7 5254.7 20 5088.4 5087.5 307 4841.0 4839.7
347 5753.6 57471 327 54959 5494.0
34’ 6184.7 6181.4
36 6904.8 6900.5
38" 7656.9 7650.1
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The calculated vibrational-rotational energies are compared in the table with the experiment

[30, 31] for superdeformed bands of the isotopes Nye, " He, ™Hg, %pp, pb, P,

Being in the superdeformed state this nuclei have the ratio of the axes ¢/a = 2 [9]. Then i, = 0.462.
Only two parameters hiw and x were used for fitting. The obtained results are displayed in the

table.

14,
1,
16.
17,
18.

Lo

20.

21.

29

23,
24.
25,
26.
27,
28.

29.
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OBEPTAHHS CVIIEPAE®OPMOBAHUX [MAPHO-IIAPHUX SIEP
AL Mzr06ank, B.B. Y1iom

CTapTyioun 3 MIKPOCKOMIYHOTO raMibTOHIaHa JUlsl HYKJIOHIB, M OTPHMAIH PIBHAHHS, WO ONKCYE
oBepTanHs Ta KBaAPYNOMbHi KOJIMBAHHA IAPHO-NIAPHHMX aKCiabHO-CUMETPHYHHX AP, AKi MAIOTE AOBIIBHY
nedopmanito B Y Bunagky MajneHskux £ BOHO criiBrajgae 3 pienanusm Bopa - Motrenscona 3 y ~ 0. Ile
PIBHSIHHS BUKOPUCTORYETHCS U1 OTPHMAHHS KO/TMBANBHO-00€PTAIBHIX eHEepTii cynepaeGopMOBaHUX AAED.

BPAIIEHUE CYNEPJE®OPMHUPOBAHHBIX YETHO-UETHBIX SAIEP
AL 3rwo6aux, B.B. YTom

CrapTys M3 MHKPOCKOTTHYECKOIO TaMMIBTOHM@HA [N HYKIOHOB, MW TONYHHITH YPAaBHCHHE,
ONUCHIBAIOLIEE BPALUCHWE W KBAAPYTMONbHBIE KOj€OAHHS YETHO-YETHDIX AKCHANBHO-CUMMETPHUHBIX S1ED,
KOTOpbIE UMEIOT MPOM3BOJIBHYIO JAeopmanuio 1o f. B ciyHac ManeHbKHX B OHO COBMaIaeT ¢ ypaBHEHHEM
Bopa - MotTTenscona ¢ y ~ 0. D10 ypaBHEHHE UCIIONL3YSTCA 1A MOy deHN S KonebaTebHO-BpAIATEIbHBIX
aHepruil cynepaedopMHPOBAHHEIX sep.
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